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ABSTRACT

We consider the problem of tracking multiple targets in the
presence of imperfect and incomplete ranging information, fo-
cusing on the impact of target dynamics. The targets are as-
sumed to describe independent, continuous and differentiable
trajectories with non-stationary (dynamic) statistics, i.e., with
variable velocities and accelerations. The impact of such dy-
namics onto the performance, computational complexity and
memory requirements of two tracking techniques, namely, the
Kalman Filter (KF) and Multidimensional Scaling (MDS), is
investigated. The main feature of the MDS-based tracking al-
gorithm, which we proposed in an earlier work, is that tracking
is performed over the eigenspace of a Nystrom-Gram kernel
matrix constructed with no a-priori knowledge of the statistics
of target trajectories. Consequently, tracking becomes a prob-
lem of updating the eigenspace given new input data, which is
achieved with an iterative Jacobian eigen-decomposition tech-
nique. An advantage of this technique over the KF is that track-
ing accuracy is independent on target dynamics. Furthermore,
the number of iterations required to update the eigenspace, is
shown to grow only logarithmically with the target dynam-
ics and with the number of simultaneously tracked targets.
As a result, the MDS-based tracking algorithm with Jacobian
eigenspace updating becomes more efficient than the KF as
soon as a relatively small number of targets are simultaneously
tracked, and/or target dynamics exceeds a certain threshold.

I INTRODUCTION

Sensor mobility is a topic of growing interest in wireless sensor
networks (WSNs). Although many traditional sensor network
application scenarios tend to be static, mobility finds itself at
the heart of several new system concepts and techniques for
WSNs. The combination of mobility as a feature, and localiza-
tion as a need or application, gives rise to the problem of target
tracking in sensor networks, which is subjected to distinct chal-
lenges to those met in more traditional contexts such as array
antennas, radar or GPS technology.

Specific difficulties vary with the application, but some of
the major challenges for tracking algorithms in the WSN con-
text are stringent constraints on the power consumption of sen-
sors activated for tracking purposes [1], the requirement for
low-complexity algorithms [2], and the ability to track a po-
tentially large number of sensors simultaneously [3]. Here, a
warehouse-like scenario is considered, in which a small num-
ber of inter-wired anchor nodes placed at known fixed locations
provide the infra-structure used to track several mobile devices
simultaneously. Target nodes may be thought of as tags, which
cannot perform ranging but transmit periodic signals that are
used by anchors to perform anchor-to-target ranging.
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The main challenges in the aforementioned scenario are that
targets may have different dynamics, and be in large numbers.
Two possible solutions to these problems are considered in this
article. The first is the extended Kalman Filter (EKF), a well-
understood Bayesian technique known for its low-complexity,
performance and stability as a tracking algorithm [4]. The other
is a less-known multidimensional-scaling (MDS)-based tech-
nique recently introduced [5], in which tracking is performed
not on the cartesian system of coordinates, but through a Ja-
cobian adaptation of the eigenspace of a Gram kernel matrix
constructed (via Nystrom approximation) using only anchor-
to-anchor and anchor-to-target ranging information [6]. We
focus on the comparison of the performances and complexity
requirements of the aforementioned methods in relation to the
variation of target dynamics, which was not performed in [5].

The remainder of the article is as follows. In section II, tar-
get dynamics is quantified into a tangible metric, and a simple
trajectory model utilized throughout the article to simulate the
continuous pseudo-random motion of targets with variable dy-
namics is introduced. In section III the formulation of the EKF
and iterated EKF (IEKF) tracking algorithms considered in this
work are briefly reviewed, and the strong relationship between
they performances and the dynamic metric defined in section II
is illustrated. In section IV, the alternative MDS-based track-
ing technique is revised. That section is concluded with a study
of the impact of target dynamics and quantity onto the average
number of iterations required by the Jacobian method to up-
date the eigenspace of the last observation given new ranging
inputs. Finally, the complexity (as a function of the number of
targets) and performance (as a function of target dynamics in
the presence of noisy ranging information) of the EKF/IEKF-
and MDS-based tacking algorithms are studied. The results
indicate that the eigenspace-based MDS tracking algorithm is
preferable to the EKF/IEKF method when the number of tar-
gets to be simultaneously tracked is larger than just a couple,
and when these targets exhibit different dynamics.

I DYNAMICS AND TRAJECTORY

In order to study the effect of variable target dynamics onto the
performance of low-complexity (EKF/IEKF- and MDS-based)
tracking algorithms, one needs to quantify target dynamics in
the form of a tangible metric. One such metrics is the velocity,
as defined in classical analytical mechanics,

Given the nature of the tracking problem under considera-
tion, in which ranging information is sampled periodically, it is
convenient to calculate such a dynamic metric directly from the
discrete set of points along the targets’ trajectories correspond-
ing to their locations at sampling instants, rather than from the
continuous functions that describe those trajectories.
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Figure 1: Quantities used to computate the dynamic metric v.

Consider a set of points corresponding to three consecutive
samples of the location of a target moving along a continuous
trajectory, as illustrated in figure 1. The three points describe
two consecutive steps of the motion of the target. Making use
of a polar coordinate system centered at the first of these points,
the velocity associated with the discrete observation of the tar-
get’s motion is given by [7, pp.18],

U = ¥, + Uy, 9]

where . a7 ) a0 o
Vr=—; UV9g=7-—.
a’ "’ dt

While in conventional analytical mechanics one may be in-
terested in the quantity ¥ computed taking into account an in-
finitesimal time increment ¢, in our case we are concerned with
a dynamic metric that captures the amount of variation of the
target location as per the observations. This is why even if the
motion occurs in 3 dimensions, the physics of the problem can
be fully described in 2 dimensions.

Let x(¢) denote the coordinates of a target at instant ¢, sam-
pled with periodicity 7. From equations (1) and (2),

vi=x(t+T)—x(t), 3)
vo 2 x(t 4 2T) — x(t +T), “

] 2
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V1] - [val

where (x;y) denotes inner product.

The trajectory model adopted in this paper is briefly de-
scribed by the equations below [5]. An example of a typical
trajectory obtained with this model is given in figure 2.
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where 7¢ is the coherence time of the process and u are random
variables uniformly distributed between [0, 1].

Continuous Random Trajectory

Figure 2: A typical continuous pseudo-random trajectory obtained
with the trajectory model described by equations (6) through (8).

IIT THE KALMAN FILTER
The state prediction equations of the EKF/IEKF are,
Zijp1 =P Zy 1, (10)
Qk\quP'qu'PT—i—W, (11)

where W is a constant uncertainty matrix, 7 is a vector con-
taining the coordinates of all targets and parameters related to
the rate of update, and P is the constant transition matrix

,,,,,,,,,,,,,,,,,,,,,,,,,

& Iiarx s (12)

where I, ., is the identity matrix and x a small constant.

In the equations above and hereafter, n and M denote the di-
mension of the Euclidean space and the total number of targets,
respectively. In order to simplify the notation, subscripts are
used (with different font types and brackets) to label variables,
refer to the time index, and specify the dimension of matrices.

The Kalman correction equations are,

Zy, = Zijp-1 + By - €, (13)
Qr= (Tignarxenan — Be - Jg) - Qk\k—la (14)

where the Kalman gain By, the innovation vector € and the
Jacobian Jy, at the k-th iteration, are given by

Br= Qi1 I} (T Qu_1 - IT+SK)~1,  (15)

€ = f)AM - D(Xk:\kfl; XA)) (16)
I =VD(X;Xa)|w a7
Xklk—1

where V is the differential operator, D(X;X,) is a function
that returns the Euclidean distances between the coordinates of
targets X and anchors X4, and Sy, is the covariance matrix,

A 1 N
Sk:%[(k—l)'sk_l—ek'€£+E},

where E is a constant uncertainty.

(18)
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Performance of EKF and IEKF with Perfect Ranging
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Figure 3: Variation of target dynamics metric v and performances of
EKF and IEKF tracking algorithms.

Figure 3 shows a snapshot of the variation of a target’s dy-
namic metric v, and the corresponding errors obtained with the
EKF and IEKF algorithms. All plots were obtained under per-
fect (noiseless, unbiased) ranging conditions. The figure il-
lustrates that v is highly correlated with the performance of
the EKF-based tracking algorithms, although iterating the EKF
(IEKF) reduces the error due to variable target dynamics and
thus the correlation with v.

IV  MDS-BASED TRACKING ALGORITHM

Unlike the KF, the MDS-based tracking algorithm first intro-
duced in [5], does not rely on any model nor on more than the
last estimate and current observations in order to update the
estimates of the location of tracked target. Consequently, the
performance the MDS-based tracking technique is immune to
the non-stationarity of the target’s dynamics, although the com-
plexity of the algorithm is not.

This is because the complexity of this tracking algorithm de-
pends on the number of iterations taken by the Jacobian tech-
nique to update the eigenspace corresponding to the previous
target locations given new observations.

For the sake of clarity the structure of the MDS-based track-
ing algorithm proposed in [5] is here briefly reviewed. The
algorithm is formulated over an incomplete Euclidean distance
matrix (EDM) D which collects all the anchor-anchor D,2 and
anchor-target distances D am(t) at each sampling instance.
Dy2 Dam (t)

19)

At any time ¢, the MDS techniques allows one to recover the
location Y (¢) of all sensors in the network (up to rotation, scal-
ing, translation and reflection) from the complete Gram matrix
G (t). Mathematically we have

Y(t) = [Vl - [A®)2, 20)
G(t)=V(t)-At)- V()T 1)

where a complete Gram-matrix G (t) can be obtained from the
incomplete D using the Nystrom approximation [6],

G0 = [ Gty Gui™ Gy Gty | @
with [8],
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Provided that the coordinates X4 () of at least A > n anchor
nodes are known with respect to an absolute system of coordi-
nates, the solution Y (¢) can be re-oriented via the Procrustes
transformation [9], returning X (¢).

As indicated by equation (20), tracking with the MDS
algorithm requires the repetitive computation of the eigen-
decomposition of G(t). This problem can be circumvented by
utilizing an iterative eigenspace adaptation technique based on
the Jacobian algorithm [10], summarized by

Asgr < R(in, jr, Or) - Ag - Rlin, i, Ok)", (27
where R(ig, jx, %) are orthogonal similarity transformations
corresponding to the Givens rotation matrices, whose opti-
mum rotation angle for the plane associated with the quartet
(GJZ'J', A5, Qg4 G,jJ‘) is given by,

Oopt(%,7) = % - atan (w) .

Qiji = @jj

(28)

In the Jacobian algorithm, the approximate eigenvector ma-
trix of A obtained after K iterations is given by,

Kg
V=11 II R x: 00)-
k=1 (ix,jx)

A Jacobian-like eigen-decomposition algorithm capable of
finding a single matrix R that jointly (approximately) diago-
nalizes a set of matrices A = {A, ..., A/} also exists [11].

In this Jacobian-like joint-diagonalization technique, one it-
erates the expression

Ajt1 = Rig, jr, Ok) - Ag - Rlin, ji, O)"

where R(ig, jk, 0x) is the solution of

(29)

(30)

M
min off (R 'L'7 .,9 : Am, ‘R 7;; '70 B ’ (31)
e@,j); (R(i, ,0) (i,4,6)")

with

off (A) £ las ;. (32)
i#j

Convergence and stability of this algorithm are rigorously
proved in [11]. In the form presented thereby, however, the
algorithm would be too computationally demanding for our
needs, due to the optimization step described by equation (31).
Fortunately, a closed-form expression for the optimum angles
that solve this minimization problem was later discovered [12].
The solution thereby is extremely simple and are applicable for
any set of equi-dimentional matrices A4, regardless of symme-

try and commutativity properties.
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Figure 4: Speed of eigenspace tracking x target dynamics.

As noted in [5], the joint-diagonalization algorithm with
closed-form optimum rotation angles can be used as an eigen-
spectrum tracking algorithm as follows.

Consider the two Gram matrices G(¢) and G(t + T) corre-
sponding to consecutive observations Dy (t) and Dy (t4T),
and assume that the eigenvector matrix V (t) of G(¢) is known.

Then, V(t + T') can be easily computed by initializing the
Jacobian algorithm with V(¢). This leads to the following so-
lution for the eigen-decomposition of G(t + T),

Kg
Vi+T)=Ve) - [[ T[] Rlrdr0r). 33
k=1 (ix,jx)

One may expect that in this approach, the number of itera-
tions K required to update V (¢) into V(¢ 4+ T') will be related
to the dynamics of the targets. For example, if the location of
all targets at time ¢ + 7" differs only slightly from that at time ¢,
it is fair to expect that Ky will be rather small.

Figure 4 shows the average number of iterations Kg as a
function of v, for systems with a single, 2 and 20 targets.

Those and all subsequent figures built from simulations,
display scattered data in gray, smoothed via weighted least-
squares regression with a polynomial kernel (lowess) [13], su-
perposed by mathematical models fitted to the data, shown in
solid lines.

Since in the multi-target scenarios the dynamic metric of
each target is generally different at each observation instant,
figure 4(a) shows plots of Kg against the average of the dy-
namic metrics of all the targets. It is noticeable that K grows
only in a log-like relationship with ©. Surprisingly, it is also
found that the behavior of K% as a function of & does not de-
pend on the number of targets if M > 2.

This can be better understood from figure 4(b), which shows
the variation on K against the minimum and maximum dy-
namics amongst the multiple targets. When Kg is plotted
against the minimum of an M -tuple of dynamic metrics v =
{v1, -+ ,vm}, it is natural that the curve appears shifted up-
wards, since the higher dynamics of all the other targets con-
tribute to a larger number of Jacobian iterations.

Likewise, the curve describing the relationship between Kg
and the maximum v in the M-tuple v appears shifted down-
wards. What is interesting about these results, however, is that
the amount of these shifts are symmetric, with respect to the
curve obtained with 7/, regardless of the number of targets. The
conclusion that can be drawn is that K, is not strongly depen-
dent on v which, in turn, implies that the complexity of the
MDS-based algorithm is mainly determined by the number of
targets, and only slightly affected by the target dynamics. We
leave further comparisons of the EKF and MDS-based tracking
algorithms to the next subsection.

V COMPLEXITY AND PERFORMANCE

A detailed account of the complexity and memory require-
ments of the MDS and EKF tracking algorithms was performed
in [5]. For convenience, here only the complexity and memory
orders of these algorithms are shown in Table 1.

In figure 5(a), the variation of the complexity of the MDS
tracking algorithm against the target dynamics are shown, for
a single- and two-target scenarios, with perfect (noiseless and
unbiased) ranging. The complexity figure is the average num-
ber of floating point operations (flops) incurred in the execution
of the algorithm, computed using the relations shown in Table
1, and where Kg was calculated with models corresponding to
the solid lines shown in figure 4(a).

All curves are obtained using perfect ranging information
so as to isolate the effect of the target dynamics on the tracking
algorithms from the influence of noise. It is visible that, indeed,
the complexity of the MDS method is mostly independent on
the target dynamics (except for small v), which corroborates
the conclusions drawn in the last subsection.

Next, we compare the complexity of the MDS-based track-
ing scheme against that of the EKF technique, as a function
of the number of targets. The results are shown in figure 5(b).
It can be seen that the MDS-based method is preferable to the
EKF algorithm if more than a couple of targets are to be tracked
simultaneously.
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Figure 5: Complexity of tracking algorithms as a function of
the average target dynamics with perfect ranging information.

Performance of MDS and EKF Under Noise
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Figure 6: Performance of the MDS and EFK tracking algo-
rithms as a function of 7 under perfect and noisy ranging.

Table 1: Requirements of Tracking Algorithms

EKF MDS
Complexity: | O(K;A3M3) | O(Kg(A+ M)3)
Memory: O(AZM?) O((A+ M)?)

Finally, we compare the error performances of the two track-
ing techniques under the effect of zero-mean, independent and
identically distributed (i.i.d) white Gaussian noise added to the
true target coordinates before computing their Euclidean dis-
tances to each of the anchors. Curves for both the noiseless
and noisy cases with two different noise variances are shown.

The figure illustrates the fact that the KF performs poorly if
tracked targets are sufficiently dynamic, i.e., move with tra-
jectories characterized by pseudo-random processes of non-
stationary statistics. This is because in such conditions, the
KF’s ability to filter the noise affecting the observations is un-
dermined by its inability to quickly adapt to new dynamic con-
ditions. Of course, one could improve the performance of KF-
based techniques by including a block that estimates target dy-
namics. This would, however, increase the overall complexity
of the method, extending further the gains (in complexity re-
duction) provided by the alternative MDS-based technique.

Together, figures 5(b) and 6 summarize the main conclusion
of our study, namely, that a subspace-based tracking algorithm
is advantageous, from both complexity and performance points
of view, compared to KF-based methods. Furthermore, since
the MDS tracking technique here described incorporates no
noise-filtering capabilities, even better results are expected if
the approach is coupled with an a posteriori smoothing block.
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