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Abstract—We consider the problem of tracking multiple tar-
gets in the presence of noise and a mixture of line-of-sight
(LoS) and non-line-of-sight (NLoS) conditions. The targets are
assumed to describe independent trajectories with non-stationary
(dynamic) statistics, i.e., with variable velocities and accelerations
(limited in absolute value). These moving targets are observed by
fixed anchors, which measure the distance between themselves
and each target periodically. LoS and NLoS conditions are
modeled by a first order time-homogeneous Markov chain, such
that the occurrence, the intensity and the persistence (duration)
of transitions between LoS and NLoS states are random but
according to the steady state distribution of the process. The
challenge, therefore, is that such variations are difficult to detect
in the presence of noise and target mobility, and if not corrected,
may result in severe degradation of tracking accuracy. In order
to mitigate this problem we introduce a wavelet-based technique
to simultaneously attenuate the noise effect on ranging and detect
the LoS-NLoS transitions, allowing for their subsequent correc-
tion. The technique is non-parametric, in which no knowledge
of the statistics of the LoS/NLoS transition process is assumed.
The impact of such pre-filtering on the performance of the
Multidimensional Scaling (MDS) tracking algorithm (proposed
in an earlier work) is studied, and for the LoS case compared
against the error performance for classic Extended Kalman Filter
(EKF). It is shown that the MDS-based tracking algorithm with
Jacobian eigenspace updating together with wavelet pre-filtering
is superior (at the region of interest) to the EKF approach, and
can well cope with mixed LoS-NLoS scenarios.

I. INTRODUCTION

Sensor mobility is a topic of growing interest in wireless

sensor networks (WSNs). Although many traditional sensor

network application scenarios tend to be static, mobility

finds itself at the heart of several new system concepts and

techniques for WSNs. The combination of mobility as a

feature, and localization as a need or application, gives rise

to the problem of target tracking in sensor networks, which is

subjected to distinct challenges to those met in more traditional

contexts such as array antennas, radar or GPS technology.

Specific difficulties vary with the application, but some of

the major challenges for tracking algorithms in the WSN

context are stringent constraints on the power consumption of

sensors activated for tracking purposes [1], the requirement

for low-complexity algorithms [2], the ability to track a

potentially large number of sensors simultaneously [3] as well

as robustness to different target dynamics [4].

Having this in mind and aiming at centralized applications,

e.g warehouse logistics or surveillance systems, we consider

a scenario where a small number of inter-wired anchor nodes

placed at known fixed locations provide the infra-structure

used to perform ranging, i.e., collect all anchor-to-target time

of arrivals (TOAs). The challenges with tracking multiple

dynamic targets in the scenario described above are related

to the number of mobile targets to be simultaneously tracked,

i.e the computational complexity of the system and the ability

to cope with the different target dynamics simultaneously [4].

As far as ranging is concerned, ultra wide band (UWB)

is one promising technology for indoor applications thanks

to its sub-centimenter resolution, the ability to minimize

interference to other services and its penetration properties

through different material. However, links between tags and

anchors may be in line-of-sight (LoS) or non-line-of-sight

(NLoS), which affects the quality of range measurements.

Particularly at indoor environments, where a large number of

objects and scatterers are closely spaced, the NLoS conditions

cause ranging to be performed over reflected signals, with the

introduction of biases (positive increments) on the estimated

distances. Consequently it is essential to use tracking algo-

rithms that, while capable of coping with a wide range of

target dynamics, can still infer and mitigate the presence of

such errors/biases directly from the observation, all without

introducing excessive delay (lag) on the location estimates.

In this paper, we propose an extension of the classic

multidimensional-scaling (CMDS)-based tracking algorithm

introduced in [5], improving its accuracy in the presence of

noise and LoS-NLoS state transitions, with little effect on

its complexity and robustness to variable target dynamics.

This is achieved applying a wavelet smoothing filter (WSF)

to the range estimates collected at the anchor nodes. The

WSF technique employed [6] was chosen due to its fast

response to sudden transitions on the measurements, its ability

to characterize the type of transition itself, meaning the ability

to distinguish between bias and noise, and its low complexity.

In addition, since it exploits the signal properties at different

scales, it can be used as a smoothing filter. The reminder of

this article is as follows. In section II the ranging models and

the Markov chain used to simulate the LoS-NLoS transitions

are described. In section III, a brief description of the WSF

properties and a description of its usage into the CMDS are

presented. in section IV the CMDS-based tracking technique

is revised, and in section V the error performance for the

WSF as a smoothing filter, as well as its ability to detect and
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mitigate LoS-NLoS transitions are investigated. The results

indicate that the eigenspace-based CMDS tracking algorithm

combined with the WSF is suitable to track a large number of

devices simultaneously under mixed LoS-NLoS conditions.

II. RANGING MODEL

UWB-TOA-based ranging in indoor environments is subject

to multipath and attenuation introduced by the obstacles. Con-

sequently, depending on presence of LoS or NLoS between

transmitter and receiver, different ranging performance can

be expected. In other words, different ranging models apply

depending on the state of the channel. As suggested in [7], we

assume the range between devices i and j under LoS condition

to be distributed accordingly to a Γ(α, β), as

d̃ = Γ(α, β)
{
α = μ2σ2

β = σ2/μ
, (1)

where σ2 and μ denote the variance and the average value

of the range measurement between the devices i and j. In

our case, since only one range per sampling time is assumed,

μ corresponds to the range measurement between i − j.
Conversely, a NLoS channel occurs if the signal traveling

on the direct path is more attenuated then another traveling

in an indirect path, such that the traveling time is increased

proportionally to the deviation, which leads to

d̃b = Γ(αb, βb)
{

α = μ2
bσ

2

β = σ2/μb
, (2)

where σ2 is still the variance for the noise process affecting

the measurements, while μb is defined as μb = μ + b,
where b accounts for the bias introduced estimating the range

over an indirect path. In our simulation b is generated as a

random process uniformly distributed between [4− 7] meters.

In order to combine the models described above and emulate

the dynamic LoS-NLoS transitions observed in real scenarios,

we follow what was proposed in [8], albeit with a slight

modification. While in [8], the channel states are characterized

by three different types of propagation paths, namely, the

Detected Direct Paths (DDP), the Natural Undetected Path

(NUDP) and the Shadowed UDP (SUDP), here we employ

a simplified version of that idea, considering only two states

(LoS and NLoS), with a random bias at each NLoS state

occurrence. Since a transition from LoS to NLoS (or vice-

versa) clearly does not depend on a target’s previous locations,

we model such transitions by a first-order time-homogeneous

Markov chain, as illustrated in figure 1. The values for state

transition matrix Π defining the Markov process, are fixed to

0.983 for p1 and 0.965 for p2. Thus, using the convergence

properties of time-homogeneous Markov chains, the steady

state distribution of the process assumes a probability of 0.67
for the LoS state, and 0.33 for the NLoS state, with an average

duration of 59 and 28 time-steps respectively.

NLoSLoS

p1 p2

1 - p1

1 - p2

Fig. 1. 2 states Markov process used to model the LoS-NLoS state transition
characterizing the ranging process.

III. NLOS DETECTION AND MITIGATION

Fourier analysis has been used, for a long time,as the

main tool to study signal singularity, although while providing

complete frequency information, due to its global supports, it

does not include any temporal information. In fact, defining the

time resolution as�t, and the frequency resolution as�f , the
Heisemberg’s uncertainty principle imposes �t · �f ≤ 1/4π.

One solution until recently used to overcome the short-

comings of Fourier Transform, was the Short Time Fourier

Transform (STFT) [9]- [10], whose main limitation in studying

time varying processes is the fixed time-frequency resolution

imposed by the cutting window used in its computation.

A somewhat recent solution to overcome the shortcomings

of Fourier expansions is the wavelet transform WT [10], which

is able to characterize local regularity of signals using their

decomposing into elementary blocks, well localized in both

time and frequency [9]- [11]. In the following we give a

brief introduction of the idea behind the wavelet-transform we

use, for a detailed description of its properties and numerical

implementation, please refer to [10]- [11].

A. Wavelet Transform Properties

The wavelet transform for a signal f(x), corresponds to its

decomposition into a set of frequency channels of the same

bandwidth on a logarithmic scale.

This decomposition is done using the family of functions√
sψ(s(x − u))(s,u)∈R2 , corresponding to the translated and

dilated version of the function ψ(x), called wavelet, with s
and u identifing the scaling and translation factors.

A result is that the function ψs(x) is identical to ψ(x),
except for the size of its support, which is s times smaller.

As proved in [11], the Fourier transform of ψs(x), here

denoted by ψ̂s(ω), while ψ̂s(ω) being small enough in the

neighborhood of ω = 0, must satisfy ψ̂s(0) = 0, meaning that

ψ̂s(ω) can be interpreted as a band pass filter.

Defining ψ̃s(x) � ψs(−x), and the continuous wavelet

transform of f(x) as

Wf(s, u) �
∫
f(x)

√
(s)ψ(s(x− u))dx, (3)

it is possible to look at Wf(s, u) as the convolution computed

at the point u, of f(x) with ψ̃s(x−u) for the scale s, namely

Wf(s, u) = f(x) ∗ ψ̃s(x − u), which shows the band-pass

filtering effect operated by ψ(x) over f(x).
Unlikely the STFT, the WT decomposes the original signal

f(x) into a set of constant frequency bands on a logarithmic

scale, �t and �f to change proportionally to the scale factor

s, enabling the study of transient behaviors and irregularities

in f(x) through different scales [11].

The WT can be discretized sampling both s and u. Choosing

the scale to be equal to (αj)j∈Z , with α as the elementary

dilation step, then the necessity to sample uniformly at a rate

proportional to αj suggests the discrete dilation factor to be

set equal to αj/β [11], which defines the family of discrete

wavelet functions ψαj (x− nβ/αj)(n,j)∈Z2 .
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In [10] it is shown that choosing α = 2 and β = 1,
the corresponding class of discrete dyadic wavelets ψ2j (x −
n/2j)(n,j)∈Z2 constitutes an orthonormal basis (which also

called orthonormal-wavelet).

This same class of wavelets has been used in [6] to

characterize the local regularity of a signal f(x) studying the

approximation of its Lipshitz exponents. A generic function

f(x) is said to be α-Lipshitz in the neighborhood of x0, if

and only if ∀x close to x0 there exists a K such that the

following inequality is satisfied

|f(x)− f(x0)| ≤ K |x− x0|α . (4)

It is proved to be possible to check whether a f(x) is α-
Lipshitz in x0 by looking at the decay of the wavelet coeffi-

cient in the neighborhood of x0 [10]. In [6] the singularities

of a function f(x) are characterized through the study of

Lipshitz exponents approximated by the wavelet transform at

different scales. It shows the necessity to combine information

at different scales in order to characterize the signal under

investigation.

B. Wavelet Transform Application

As described in [6], to characterize the shape of irregular

functions f(x), the interest is towards wavelet defined as

ψ(x) = dφ(x)/dx, with φ(x) acting as a local average or

smoothing function. Consequently the wavelet transform can

be interpreted as derivative of a local average of f(x), whose

smoothing degree depends on the scale factor s as shown by

Wfs(x) = f ∗
(
s
dφs

dx

)
(x) = s

d

dx
(f ∗ φs) (x). (5)

Appendix A-B of [6] give the details to compute a fast im-

plementation of a discrete dyadic wavelet transform, meaning

ψ(x) belonging to the family ψ2j (x − n/2j)(n,j)∈Z2 , and

whose coefficients Wf(s, u) are used to approximate the

Lipshitz exponents.

In our application the f(x) corresponds to each one of the

anchor-to-target time series f(t), where t is sampling time,

collecting the TOA range observation generated accordingly

to equation (1)-(2), depending on the state of the channel at

t. Trying to avoid the introduction of an excessive lag in the

tracking system, we compute the wavelet transform described

in [6] for f(t) over a sliding window of 4 samples, where the

first sample is the one for which we test the state condition.

This corresponds to the introduction of a delay of 3 samples

in the tracking system. Due to the size of the sliding window

used, the scale parameter is fixed to 2.
In order to follow the evolution of the Lipshitz coefficients

through the different scales, we exploit their correlation across

the different scales computing a total index WT (t), defined

as the product of the wavelet coefficients for the different s
values. In addition, the coarse approximation of f(t) at the

scale 1 is used as smoothed (low-pass) version of f(t).
WT (t) is used to detect-mitigate NLoS transition first

testing whether it is a local maxima, accordingly to [6], then

comparing its absolute value against a fixed threshold.
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(a) False alarm probability under LoS condition as function of the dynamics
ν̄ and the measurement error σd.
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Fig. 2. State detection probability for the WSF under both, pure LoS and
mixed LoS-NLoS conditions as function of the dynamics ν̄, the measurement
error ranging σd, and the bias affecting the NLoS measurements.

Due the scarcity of scales considered, and the perturbation

effect introduced by the noise and the target dynamics ν̄ over

f(t), the threshold mentioned above is set equal to 25.
Only for those t for which WT (t) satisfies the previous

conditions, the occurrence of a state transitions is detected

by checking |f(t)− f(t+ 1)| ≥ B, where B is an arbitrary

threshold set equal to 3, in order to balance the different effects

introduced by ν̄, σ2
d and the bias affecting f(t) for the NLoS

case. Accordingly to the sign of |f(t)− f(t+ 1)|, we distin-

guish between LoS-to-NLoS and NLoS-to-LoS transition.

The compensation is computed every time that a LoS-
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to-NLoS transition occurs, computing a the gap between

|f(t)− f(t+ 1)|.
We call wavelet smoothing filter (WSF), the WT proposed

in [6] together with the operations descried above. The WSF

performance to detect-mitigate NLoS states are shown in figure

2. Figure 2(a) provides the false alarm probability under LoS

conditions, as function of the ν̄ and σd, while figure 2(b)

shows, for σd = 0.7, the state detection probability for WSF

under mixed LoS-NLoS condition, and as a function of ν̄ and

the bias affecting the NLoS measurements. It can be noticed

how the WSF allows to detect the state condition with high

precision and with a very low false alarm probability.

IV. MDS-BASED TRACKING ALGORITHM

The CMDS-based tracking algorithm, first introduced in [5],

does not rely on any model nor on more than the last estimate

and current observations in order to update the estimates of

the location of tracked target. Consequently, the performance

results to be s is immune to the non-stationarity of the target’s

dynamics, although the complexity of the algorithm is not

[4]. For the sake of clarity the structure of the MDS-based

tracking algorithm proposed in [5] is here briefly reviewed.

The algorithm is formulated over an incomplete Euclidean

distance matrix (EDM) D̃ which collects all the anchor-anchor

DA2 and anchor-target distances D̃AM(t) at each sampling

instance.

D̃ = [di,j(t)] =
[

DA2 D̃AM(t)
D̃T

AM(t) 0

]
(6)

At any time t, the MDS techniques allows one to recover

the location Y(t) of all sensors in the network (up to rotation,

scaling, translation and reflection) from the complete Gram

matrix G(t). Mathematically we have

Y(t) = [V(t)]1:n · [Λ(t)]
1
2
1:n, (7)

G(t) = V(t) ·Λ(t) ·V(t)T, (8)
where a complete Gram-matrix G(t) can be obtained from the

incomplete D̃ using the Nyström approximation [12],

G(t) ≈
[

GA GM(t)
GM(t) GM(t)T ·G−1

A ·GM(t)

]
, (9)

with [13],

GM(t) = −12 ·
(
D̃AM(t) +C1 −C2 −C3(t)

)
, (10)

C1 =
1
A2
· [e[1×A] ·DA2 · e[A×1]

] · e[A×M ], (11)

C2 =
1
A
· [DA2 · e[A×1]

]⊗ e[1×M ], (12)

C3(t) =
1
A
·
[
e[1×A] · D̃AM(t)

]
⊗ e[A×1]. (13)

Provided that the coordinates XA(t) of at least A > n
anchor nodes are known with respect to an absolute system

of coordinates, the solution Y(t) can be re-oriented via the

Procrustes transformation [14], returning X̂(t).
As indicated by equation (7), tracking with the MDS

algorithm requires the repetitive computation of eigen-

decomposition of G(t). This problem can be circumvented by

utilizing an iterative eigenspace adaptation technique based on

the Jacobian algorithm [15], summarized by

Ak+1 ←− R(ik, jk, θk) ·Ak ·R(ik, jk, θk)T, (14)

where R(ik, jk, θk) are orthogonal similarity transformations

corresponding to the Givens rotation matrices, whose opti-

mum rotation angle for the plane associated with the quartet

(ai,i, ai,j , aj,i, aj,j) is given by,

θOpt(i, j) =
1
2
· atan

(
ai,j + aj,i

ai,i − aj,j

)
. (15)

In the Jacobian algorithm, the approximate eigenvector

matrix of A obtained after KE iterations is given by,

V =
KE∏
k=1

∏
(ik,jk)

R(ik, jk, θk). (16)

A Jacobian-like eigen-decomposition algorithm capable of

finding a single matrix R that jointly (approximately) diago-

nalizes a set of matrices A � {A1, ...,AM} also exists [16].

In this Jacobian-like joint-diagonalization technique, one

iterates the expression

Ak+1 = R(ik, jk, θk) · Ak ·R(ik, jk, θk)T (17)

where R(ik, jk, θk) is the solution of

min
θ(i,j)

M∑
m=1

off
(
R(i, j, θ) ·Am ·R(i, j, θ)T

)
, (18)

with

off (A) �
∑
i�=j

‖ai,j‖2. (19)

Convergence and stability of this algorithm are rigorously

proved in [16]. In the form presented thereby, however, the

algorithm would be too computationally demanding for our

needs, due to the optimization step described by equation (18).

Fortunately, closed-form expression for the optimum angles

that solve this minimization problem was later discovered [17].

The solution thereby is extremely simple and are applicable

for any set of equi-dimentional matrices A, regardless of

symmetry and commutativity properties. As noted in [5],

the joint-diagonalization algorithm with closed-form optimum

rotation angles can be used as an eigenspectrum tracking al-

gorithm as follows. Consider the two Gram matrices G(t) and
G(t+ T ) corresponding to consecutive observations D̃AM(t)
and D̃AM(t+T ), and assume that the eigenvector matrix V(t)
of G(t) is known. Then, V(t+T ) can be easily computed by

initializing the Jacobian algorithm with V(t). This leads to the

following solution for the eigen-decomposition of G(t+ T ),

V(t+ T ) = V(t) ·
KE∏
k=1

∏
(ik,jk)

R(ik, jk, θk). (20)

As proofed in [4], the number of iterations KE required to

update V(t) into V(t+T ) will be related to the dynamics of

the targets. For example, if the location of all targets at time

t+T differs only slightly from that at time t, it is fair to expect

that KE will be rather small. The conclusion that can be drawn

is that K̄E is not strongly dependent on ν implying that the

complexity of the MDS-based algorithm is mainly determined

by the number of targets and only slightly affected by the

target dynamics.
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V. COMPLEXITY AND PERFORMANCE

The scenario used to test the tracking algorithms, is a

square in 2D space, with 20 meters long edges, and at whose

corners find place the anchor nodes. The target trajectories

are generated accordingly to a first order time homogeneous

Markov process defined by x(t) = x(t − 1) + vt − 1, where

v(t) is the 2D driving process corresponding to ν̄ for the time

t, and x(t) the vector containing the trajectory coordinates at

same time t.

A detailed account of the computational complexity and

memory requirements of the CMDS and EKF tracking algo-

rithms was performed in [5], while the target dynamics ν̄ effect

on the error performance for the above mentioned techniques

was covered in [4].

Figures 3(a) repeats what already studied in [4] under LoS

conditions, showing the error performance as function of the

target dynamic ν̄ for both the CMDS and the EKF tracking

techniques. From this figure it is evident how the CMDS, being

essentially a re-localization technique, except when provided

with perfect ranging, performs poorly when the targets have

slow dynamic. Differently, the EKF, thanks to the dynamic

model incorporated in its prediction stage, is able to partially

filter the noise affecting the range, making itself preferable to

the CMDS technique under a pure error-performance point of

view. Figure 3(b) shows the same result under noisy condition

for the EKF compared against the error performance for the

CMDS+WSF, when the WSF is used as smoothing filter. It

is evident how the addition of the WSF as pre-filtering block

improves the CMDS error performance up to high dynamics.

Figure 4 shows the goodness of the smoothing (low-pass filter-

ing) effect operated by the WSF on the range measurements.

Nevertheless, once the target dynamic ν̄ exceeds a certain

value, both the smoothed and smoothed-corrected observations

by the WSF degrade if compared to the measured distances.

However, it should be noted that, under the assumption of

slow changes in the target dynamics, the same WSF could

be employed, using a sufficient number of past observations,

to estimate the slow-fast varying transients (time varying

components) characterizing the measurements observations

and related to the ν̄ - σ2
d . Consequently it should be possible

to switch the WSF off accordingly to the ν̄ - σ2
d estimated,

allowing to match, in the case of high velocity, the CMDS error

performance shown in figure 3(a). This is sustained by the false

alarm probability illustrated in figure 2. As already stressed in

I, the other important parameter that must be considered while

evaluating multi-target tracking solutions, is the complexity.

Figure 5 compares the computational complexity of the

CMDS+WSF-based tracking scheme against the one for the

EKF, as a function of the number of targets. It is measured as

the number of floating point operations (flops) incurred in the

execution of the algorithm. It is evident that the CMDS+WSF-

based method is preferable to the EKF algorithm if more than

a couple of targets are to be tracked simultaneously, in both

the 2D and 3D case.
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Fig. 3. Performance of the MDS and EFK tracking algorithms as a function
of ν̄ under perfect and noisy ranging.

In particular, in the 3D case, it can be noticed how the

computational complexity required to track 50 targets with the

CMDS+WSF method, allows to track less then half the same

number of targets with the EKF algorithm. This, together with

what already discussed in relation to the error-performance

makes us to restrict the study for the NLoS case to the

CMDS+WSF-based tracking solution only.

Figure 6 represents WSF filtering effect in case of ranging

subject to equation (2), with the LoS-NLoS transition driven

by the Markov Model described in II. The utility of WSF in

detecting and mitigating the NLoS states is evident comparing

the result for the observed data against the smoothed and the

filtered one. In figure 6 the smoothed data are obtained em-

ploying the low-pass filter capability included in the wavelet

transforms.
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Due to the permanence of the NLoS state and its occur-

rence, as described in II, the smoothing filter alone does not

provide an adequate improvement to the range measurements.

Instead, exploiting the capability for the WLS to simultane-

ously smooth and detect-mitigate the NLoS state affecting the

observations, as described in III, it is possible to improve the

quality of the observations without being strongly dependent

on the dynamic ν̄.

The performance of the CMDS+WSF-based tracking algo-

rithms under mixed LoS-NLoS for is shown in figure 7, for

different σ2
d and with a bias generated as uniformly distributed

between [4− 7] meters.
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Fig. 6. WSF effect on corrupted measurements under mixed LoS-NLoS
condition for 3 different level of noise (σ2

d = 0 - σ2
d = 0.5 - σ2

d = 1).
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Fig. 7. CMDS+WSF performance under mixed LoS-NLoS conditions as
function of ν̄ under perfect and noisy ranging (σ2

d = 0 - σ2
d = 0.5 - σ2

d = 1).

The main conclusion of our study is that a subspace-based

tracking algorithms (CMDS), together with the pre-filtering
strategy here suggested (WSF), is advantageous, for the LoS

case, under both complexity and error performance points of

view, compared to EKF-based methods. In addition it allows

to detect-mitigate biases in NLoS cases by the introduction

of a small lag on the received observation and a very small

additional computation complexity to on the tracking strategy.
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