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Abstract—A new optimization algorithm is presented for the Mathematically, the source-localization and self-lozatiion
solution of the range-based source-localization problem re- problems are equivalent, and the metric least-squares (LS)
ploying a least-squares (LS) multidimensional scaling (MB) — tidimensional scaling (MDS) [2] is the framework of
formulation over non-squared distances. The algorithm is based . ; e .
on an progressive objective-smoothing technique known adabpal cho!cg to .formulate them. The major Q|ﬁ|culty thgreby |s.the
distance continuation (GDC). The fundamental requiremens to Minimization of the LS-MDS cost-function (objective), vehi
implement a GCD method, namely, expressions for the smoottle is known to be non-convex. This is critical because non-egnv
cost-function and its derivatives, and lower bound on the strting optimization methods are either too complex or too sermsitiv
value of the smoothing parameter), are all derived analytically. to initialization points, both of which are undesired, esptly

The GDC method is known to be stable, fast and insensitive . th If-l lizati h batt is lichiad
to initial point. Since distance measurement errors are a m@ar In the seli-localization case where battery power s li

cause of degradation in localization systems, by providing GDC @ smooth and prompt localization experience is valued.
algorithm that does not require squaring measured distance we Semidefinite programming (SDP) [3], [4] and simulated
add to the latter advantages further robustness to noise. Té annealing (SA) [5], for instance, are effective non-convex

performance of the resulting linear-distance GDC algoritim is iz ation techniques, but their complexities ordere ar
evaluated via extensive Monte Carlo analysis and compariss

to a) the conventional squared-distance GDC algorithm, b) a 9eometrically proportional to the number of notiés the
Newton-based optimization technique of similar complexig, and hetwork — O(NS) and O(N*), respectively. In contrast,
c) the (impractical) grid-based exhaustive search methodi.e., stress-majorization (SMACOF) [2], [6] and Newton-based
maximum-likelihood (ML) estimator. The results reveal that approaches [7] are much simpler, but may yield poor results
the linear-distance GDC algorithm outperforms the consideed i¢'yo injtialization point is not sufficiently accurate, #sese
alternatives and achieves the performance of the ML estimat. . -
techniques are more prone to convergence to local minima.
A less-known non-convex optimization algorithm that pro-
vides low computational complexity, robustness to the lloca
minima problem and very good accuracy is the global distance
Location-awareness is considered as a pivotal feature asintinuation (GDC) approach, proposed in [8]. The only
novel wireless communication systems. In cellular systdars deficiency of the GDC method, as proposed thereby, is the fact
instance, several applications and services recentlydotred  that it is based on a LS-MDS formulation of the localization
or under development rely on the assumption that informatiproblem that requires measured distances to be squarech whi
about the location of wireless terminals is available to thH&as been recently shown to be sub-optimal [9] to the LS-MDS
network, and indoor networks dedicated to or featuringpogbrmulation with basis on non-squared distance estimates.
tioning applications are been designed [1]. this paper, a GDC-based minimization algorithm tailoreth®
The recent developments motivate research aimed at igptimal (linear-distance) LS-MDS approach [9] is proposed
proving the accuracy of localization algorithms formuthter The GCD algorithm is a progressive objective-smoothing
a number of different scenarios. In this article we will fsamn technique and requires expressions for the smoothed algject
a “single-target” formulation where, the network is modeleand its derivatives, as well as a lower bound on the starting
by a single device of unknown location (target) and a fewalue of the smoothing parameter. All such required fumstio
nodes with fixed and known locations (anchors), all of whichre derived analytically here. The proposed algorithm asvsh
are interconnected. This scenario describes, for instahee to outperform alternative low-complexity techniques aird,
case of a cellular location-based services (LBS). fact, to yield the same performance achieved with a fine grid-
In this case, the localization problem consists of estingati based exhaustive search method, which in optimizationryheo
the position of the target from a set of measurements i6fthe equivalent of the maximum-likelihood (ML) estimator
its distance to the anchors. In the literature, this is known The remainder of the paper is as follows. The source-
as the range-based source-localization problem, althtlugh localization problem and the GDC-based technique are for-
actual localization algorithm can also run on the targelf{semulated in Section Il. The details of the GDC mechanism and
localization). its performance are given in sections Ill and IV, respedive

I. INTRODUCTION

1Google Mobile Maps, South African Vodacom’s “The Grid” spht 2While 3 anchors are sufficient to allow 2-dimensional localizatidnis
networking and the US’s E911 (FCC docket 94-102) are a fevwnples. well-known that localization accuracy increases wkh



Il. PROBLEM FORMULATION wheres(u) is the objective function in equation (2) € R”
A. Squared versus Non-squared Distances and A € R* is a parameter that controls the degree of
smoothing 4 > 0 strong smoothing).

Consider a simple cellular-based wireless networkNof Using equation (2) withy = 1, (s(x) becomes

nodes deployed in thg-dimensional space. Assume thilk
nodes are base-stations (anchors) and only one node is the 11 & . 2 R
mobile terminal (target). The anchors’ locations are knawvn {($)\(X)= ;/ > w; (drHai*iJr)\qu) e vz gu. (5)
priori, while the position of the target is yet to be determined. B =1
Let a; € R” andx € R"” be row-vectors, whose elements From all the above, the GDC-based R-LS formulation of
indicate the Euclidean coordinates of th¢h anchor's and the source-localization problem can be summarized as
target’s location, respectively. Lef; = |la; — x||2 be the L (K) . R
Euclidean distance between thigh anchor and the target, X~ =alg mun <S>>\(k)(x)' (6)
where || - ||z is the Euclidean norm. A measurement of the =t K
distanced; is denoted byi;, which is generated accordingly The low-complexity of the algorithm results from two facts.
with the ranging error model proposed in [10]-{12]: First, the total number of iterations are fixed a priori and
_ they can be kept small. Second, the effect of smoothing the
d; = d; +ni, (1) original objective is to reduce the number of local minima,
such that with an adequate amount of smoothing a low-
complexity technique such as the steepest-descent](5F)
can be used to perform the minimization at #hh iteration
without compromising the effectiveness of the algorithm.

wheren; denotes the noise.
Under a weighted LS-MDS formulation, the source

localization problem consists of finding an estimatéor the

target’s location that minimizes the weighted sum of thestea

square errok; 2 (d¢ — szq), thus . An effi-cient implementation of a GDC-based _optimizq-
tion requires closed-forms for the smoothed function asd it
) i Na 9 )2 derivative. In the sequel, the aforementioned requiremard
X =arg mp 2 Wi (di - di) ’ (@ derived analytically.

i=1

where ¢ is an exponent selected amongst the val{ie2},
d; £ ||la; — %2 andw; is a weighing factor related to the
concern [13] over the term;. In what follows, the fundamental expressions required to

Hereafter, equation (2) with=1 andg=2 will be referred solve the GDC-based source localization problem as in equa-
to as therange-based LS (R-LS) anedquared range-based LS tion (6) are derived.
(SR-LS) source-localization problems, respectively.

It is well-known that the objective function in equation ,(2) . .
denoted bys(x), is not convex, and that the number of itsA' Evaluation of {s),(%)
local-minima depends on both the geometry of the network!t is shown in the appendix that with = 2, equation (5)
and the amount of error affecting the distance measuremeifduces to

IIl. LINEAR-DISTANCE GDC ALGORITHM

d;’s [13], [14]. Furthermore, it has been shown [9] that the Na . /3 3 2\ - ..
SR-LS based formulationy (= 2) is sub-optimal to the R-LS  (s),(%X) Zwi<>\22)\dil“<§) 1F1<§;1;)\—12>ex2'+d§+d§>,
formulation ¢ = 1) in a maximum-likelihood (ML) sense. i=1

While an algorithm that yields an exact solution of equation (7)

(2) with ¢ = 2 was provided in [9], the case with= 1 is still Where I'(a) is the gamma function angl(a;b;c) is the
an open problem. In the sequel, we proposed a GDC algoritl‘fﬁpﬂuem hyp_ergeomet_rlc function _[16]‘ _
to solve equation (2) witly = 1. . The numeric evaluation of equapon (7) requires care, espe-
) o cially when X is very small. Numerically stable computations
B. Formulation of GCD-based R-LS Localization Problem can be achieved using known equivalences for the confluent
The GDC-based optimization technique consists of an ite¢typergeometric function [16]. In particular,
ative procedure in which, at eachth iteration, the original oo .
objective is smoothed by a kernel (smoothing function)pido F (§; 1;2) —14 Z o H (1/2+ k) 2 < 10.
2 m k=1 k?

its minimization. The kernel is parameterized by a smoathin —

parameter\, adjusted at each iteration, such that the sequence (8)
of successive\(¥) is strictly monotonically decreasing to zero Ml 1 )
(A) = 0) and, at\(), the smoothed objective is convex. . (3 |\ _ z 732 T (=2)™ 11 3. ©)
Consider the Gaussian kernel [8] Pl P(-3) \4 mb 15 \2
glu, A) & e/ (3) = R =y
. o +2 2 Z—'H(k;—§) , 2> 10,
Let (s),(x) denote the smoothed objective, given by ) \= ¢ =
- %[3

a1 X g 4 wherez £ % and M and@ are sufficiently large numbers to
(sh(x)= /207 Jgy s(ue b 4) ensure an accurate approximation (typicdlly, Q) > 5).



B. Derivatives of (s), (X) In order to prove propertyi, that is, the monotonicity of

As mentioned above, the properties of the GDC metho% , we make use of the recurrence relation [16, pp.508,

allows eachk-th minimization of (6) to be performed with 1 1]
a simple steepest-descent algorithm, which for an eff|C|en(tbf a) 1 Fy (a;b+ 1;2) = by Fy (a;b; 2) — by Fy (a;b;2) (17)
implementation requires the gradievik(s), (X).

Start by noticing that(s), is given by a non-negative Hence,
weighted sum of a set of subfunctions defined as 5; @z \) = (18)
~ 7
2\ @ = ¢*B31F1(3:1:2) —21F1(3:2;2) +3 11 (31 152) -2 1FA(353:2) )
si(diiN) & B+ BN ATy <3, , 2>e‘72, w ’ R
A = 2t (1R (322) = F1(3:2:2)) = e P (3:3i2) > 0
where we used the fact thaf = ||a; — %||s. Finally, propertyiii can be proved using the asymptotic
It will prove convenient in what follows to replace £ d;. expansion of, F1 (a;b; z) given in equation (9). To this end,
Then, rewritte
Vi (s), (%) = Z L(ris A)Vsr; (11) M-1
e, €E S1(2; \/—ez Z —z)m™ z)m Zo/z - 3/2 )Jrol (%)
where thei-th  x n block Vgr; is Q71
N ~ 1/2 1
i — + E—(Cy—Dy)+02 (%) |, 19
Var], = =X (12) v <ZO = (Ca=Dy) 2(zQ)> (19)
[lai — X[|2 a
ands’ is given by wherez = K—Z and, under the assumption of sufficiently large
JFd M and @, the magnitude of the residue8;(1/2) and
Q ligible.
(s A _op 4 VTG )), 13) 02(1/z%) are negligi
i .(r ) _ " A 1 ) . (13) In the above,
where for notational simplicity we have (and will hereajfter —
omitted the subscript and A, = % k]:lo (% + k) (% 4 k:), (20)
N AT 3.1 5,17 R
Si(r;A) = e (21F1 (571,§ —3k (527 ) ) Bn=: 11 3+ k) (21)
(14) k:10
For reasons to be clarified later, also the second derivative = 1)2
' C,= - k—3), 22
s"(r; \) is derived. Thus, ¢ kl;[o( ) (22)
qg—1
2fdr Dy=%T] (k—1) (k-2 23
s"(r \) = 2+\/_d(x—ﬁ) S1(r3 A) + Y 6 (0, =g I (h=3) (k=3), (23)
(15) with Ay=Byg=Cop=Dg=1.
where Next, observe tha#2z decreases slower thafz at large
2 5 2\ 15 7 2 z, such thatlim 3jf‘/g— 2Dm is surely negative. Furthermore,
Sa(r; ) £e™ 2 (31F1 (5;2; F)_Il 1(5;3; ﬁ)) —r g—1

(16) (Co=Dy)= 11 (k=3) = —3 II (k—3) <0.Y¢ > 0.
Therefore, both terms in equation (20) are strictly negativ
and, due to the presence ef* and z~¢, vanishing with

increasingz, thus
The last critical step requited to implement the above-

described GDC algorithm is to determine the initial smamghi Jim Sy (r;A) =07 (24)
parameten(!), such thats), is convexii.e., M > 0, for .
all r. Using the fact that the positive sum of convex functions
is also a convex function [13], and in view of equation (7), it i) 52(0;A) = —3/4
follows that the convexity ofs), is ensured by the convexity i) 5_5(7"? A) >0

of all s;’s. In order to establish the latter we will make use ofi?) Jlim Sa(r;A) = 07

C. Computation of \(1)

Lemma 2 (Properties of Sa(r; \)):

the following Lemmas. Proof: Omitted as it follows the same steps of the proof of
Lemma 1 (Properties of S (r; A)): Lemma 1.
i) S1(0;N) = —1 Proposition 1 (Convexity of s(r; A)):

ii) Si(r;A) >0 INERT|s"(r\) > 0,Vr. (25)

ii1) lim Si(r;\) =07

where 0~ indicates that the function approach&g$rom the

negative side. 0> S1(r;A) > —1, (26)
Proof: Property;: is trivial, as; Fy(a;b;0)=1,V(a, b) >0. 0> Sa(r;A) > —3/4. (27)

Proof: Invoke Lemmas 1 and 2 to obtain



Next, consider equation (15). Clearly, in order f6i(r; \) Contour Plot of the Smoothed Function
to be negativeS; (r; \) and Sa2(r; \) must be negative, such
that in worst case we have (at the lower bounds)

~ A=3.96
/rdr (1 27 ol
S/I(T;)\) > 2—1.5 3 —ﬁd X —F s
JRd _JRdr Jrd
>2— — >2— — 28
> T 2 o (@28

where the last step results from a trivial inequality.
From the above, a lower bound ok to ensure that
s"(r;A) > 01is

A=1.32

A > vrd g (29)
2 O

Invoking Proposition 1, and given the data, it is found that
the value of\ sufficiently large to ensure the convexity of A=0

(s),1)(X) is given by

VT 3 N
> — if-
A > 5 miax{dl} (30) 2 o ®
o

IV. ILLUSTRATION AND SIMULATION RESULTS
. . : Fig. 2. Example of the smoothing effect due to the Gaussemsformation
A. lllustrations and Discussion applied to the R-LS objective function related to the nelwexample given

For the sake of illustration, consider the source-loctilia in section Il. For each level of smoothing, the contour plotshe smoothed
problem applied to a netwotkof Ny = 3 anchors (white UNCtion {s), are drawn.
squares) and target (white ball), as illustrated in figure 1.
Assume that; is a Gaussian random variable with the sa
statistics for all anchor-target links. Therefore, eaamte; in
equation (2) can be weighted equally;. w; = 1Vi [3].

In figure 1, the contour plots of the cost-functiciix)

Considering the same example, in figure 2, instead, we show
Mfow the GDC algorithm would perform the minimization of
the R-LS based objective function. Using equation (30), we
compute the value oA(Y) = 3.96 which, as illustrated with

the contour plot at the top of figure 2, makes the smoothed

Chown. 1 i noiced that the location esimsobtainéd as CIon (s, canvex: Next, the algorifm proceeds by
the solution of the R-LS formulation, corresponds to a poir?’?onng the value ofA. For instance, taking a snapshot the

: moothed function computed for = 1.32, it can be noticed
closer to the true node location. The plot shows also that the P or 3

objective function obtained witly = 1 is in general more € that the minima (still) of (s), (%) is biased towards the

o L . ..~ global minimum of the originak(x). Finally, at the value of
difficult to optimize, since a larger number of local minim ! L
. e = 0, we observe that the smoothed-function exactly coincide
may appeard in the specific example).

with the original one.

R-LS Cost-function (q=1) SR-LS Cost-function (q=2)

/]
0

B. Smulation Results and Comparisons

In this subsection, the performance of the proposed GDC
algorithm is shown via simulations.

The typical network consists aV4 = 3 anchors and one
target, which are deployed in a square of edge-length equals
to 1 with a uniform distribution. Full connectivity is asseth
and each anchor-target link is measured only once.

The first study investigates the capability of the proposed
optimization to find the global optimum of the cost-function
used in the R-LS formulation and we compare its performance
to that one of a Newton-based non-linear LS (NLS) optimiza-
tion method of similar complexity. In order to measure this

] O )
-35 8 et X 8 et performance, we evaluate oved0 set of distance measure-
o Optimum Point Optimum Point / ments and several scenarios, the metric
-1 0 1 2 5-1 0 12 3 4 5
x—axis [m] x—axis [m] C — H)A( _ x* ||2 (31)
)

Fig. 1. Contour plot of the cost-function(x) evaluated for a wireless \which indicates the error between the estimatebtained as
network consisting ofVa = 3 anchors and target. . P . .
the solution of a minimization technique, and the optimum
i * i i i _ —4
3Coordinatesa; = (0, 0), a2 = (2,0), a3 = (4, —2) andx = (3.5, —2.5). pO;]ntx .found fror:n a g;;lddbaﬁed .(gl‘ld Ijes.o'ut“(m h 10 ) h
Noise variance‘af = 0.25, Vi. Errors:e; = 0.0908, e2 = 0.3613 and ex austlve searc me_'t od, t at_ in optlmlzatlo_n theory & t
€3 = —0.0039. equivalent of the maximume-likelihood (ML) estimator.



In figure 3, the box-plots of the statistics ¢fare shown,
where the bottom-line, the middle-line and the top-line ¢

’ T

Error Statistics over the C_%Iobal O_ptimurDOEftimate

0

each box indicate th25, 50, 75 percentile §) of the resulting
¢ given a particular scenario. Thereby, the variance of tt
ranging error was set t0.01.

From a qualitative analysis of the box-plot, the perfor
mance of the proposed GDC-based optimization clearly sho
that the algorithm finds almost surely the optimum solutiot

107

107+

" T
\R-LSNLS b
. ]

Furthermore, the small size of the boxes indicates that t~ _ =

performance are very stable. The above considerations ¢
be better understood by comparing the numerical values

25,50, 75 percentile, reported in table I. 10721
The second and final study investigates the localizatiaor er
performance, which is given by
107"

e = 1% —x||2

(32)

Both the empirical cumulative distribution function (cdf)
and the mean value @f respectively denoted by and ., are Fig. 3.

= foefTt

5
Network Realizations

Box-plot of the error statistics af for the proposed GDC-based

computed. The cdf is a metric that can be used to quanti#--irm— ~wdtvnan o

the probability that the erroe is below a given precision
100

Localization Error Performance

iddeepntetinebatdesdots

(threshold)¢. Mathematically, it computes the probability
X = Prie <¢). 33

. : . . 80|
The mean value of, instead, gives an information about the

average performance of a certain algorithm used as a soul

localization estimator. This metric can be computed as

1 M
- (m)
MmeIZ:lE 9

where M indicates the total number of simulated networks.
In figures 4 and 5, the plots of cdf of and the mean

value ;. are shown for the proposed GDC algorithm, an
two alternative solutions, namely, the GDC-based algorith
applied to the SR-LS problem formulation and the NLS algc 10
rithm applied to the R-LS problem. Furthermore, in the san

plots the performance of a ML-equivalent algorithm obtdinerig. 4.
from a grid-based search are shown and used as benchm™“~""
The results reveals that regardless the level of noise, hwhi

X (%)

70+
60 -
(34) C sof

40

Empirical CDF:

- % -R-LS NLS

— Grid search
Y S E—

-+ -SR-LS GDC
-©-R-LSGDC

I I I I
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Accuracy as percentage of the normalized edge:

45 50
€ (%)

Comparison of the localization error performance different

PR P P~

withaimnms mrrmas lmdi i Al b £,
Localization Error_%erformance

e——

is obtained by varyings within (0.02,0.2), the proposed 04
GDC-based algorithm, not only outperforms the considert 035 |
alternatives, but also achieves the optimal performaneengi =
by the ML-equivalent approach. 03
TABLE | . 0.25
STATISTICS ON THEERROR OVER THEGLOBAL OPTIMUM ESTIMATE e
()
R-LS GDC(x10 ?) R-LS NLS (x10 7) 5 02
Pl 25% | 50% | 75% | 25% | 50% | 75% 8
n g 015
1 3 5 6 63 530 | 24519 i<}
2 2 4 5 18 77 452 § o1
3 3 4 5 13 59 715 = S SIS
4 3 4 5 8 38 229 e g R
0.05 7 ——SR-LSGDC |
5 3 4 7 365 | 2278 | 77503 O R-LS GDC
6 3 4 5 29 230 1933 ‘ ‘ —— Grid search
7 3 4 6 8 69 201 0 0.05 0.1 0.15 0.2
8 3 4 5 24 87 312 Noise standard deviation: o
9 2 4 5 142 1090 | 68333 . . o .
10 3 4 5 16 70 349 Fig. 5. Comparison of the localization error performance different
11 3 4 5 13 45 305 optimization algorithms: root-mean-square error.
12 3 4 5 29 136 669




APPENDIX
A. Derivation of (s)y

Consider the analytical formula df), given in equation
(5), developing the integral, it can be rewritten as:

the integralZ; yields to

Ty=m(3) 17 (355

(22
)e Az,

(45)

Given the results above, the smoothed functign is given

N, by
A
<S>A( wz Il +IQ - 2d Ig) (35) Na ~ 32 (512 ~ R
; ()= w; <>\22>\d1-1“ ()P (2 1 /\5) ev+d§+df>. (46)
where | . i=1
I,= dZe ul+ul dugdu, (36) Not_ice that in the case _vvher,e = j—i > 103 by_f_orce of
equation (9), the integrdls in equation (46) simplifies to
+oo0+00 M-1 —m m=1
1 -3 (=2) 3
T= / /((Ami+)\uz)2+(Ayi+)\uy)2)e“iJr“i dugdu, 37) L3 ®TA <4 i <Z) ml kI:IO (; +kf>
—00—00 M—-1
Hootoo 22 Z 2 " (47)
IBZ/ / (A, A ug ) (A y+Auy )2 e gy dugdu, (38)

where the components af are explicitly written asu,, u,,
and vector components of the difference-x are denoted by
A, &2, —2; and Ayz Ya; — Ui

Hereafter, the subscript is omitted for notational con-
vinience.

1) Derivation of Z;:

(1]

The integralZ; is simply equal to:
T, = nd?. (39)

2) Derivation of Zy: Using known properties of the Gaus-
sian transformations [8]f; is given by

Ty = n(d? + N?).
3) Derivation of Z3:

Ay + Aug = pcosb,
Ay + Auy = psind.

(2]
(3]

(40) M

Using the change of variables

[5]
(41)

75 can be rewritten as [6]

+o02m

w ||
27 [8]

ie—rgdk/ p e_x%pzdp/ek% p(Ag cosO+A, sine)do' [9]
0 0
Now, the integral o admits a close-form solution, that car10]
be obtained from [17, pp. 336, e8.338 — 4.9] by replacing
(a=0,p=0,qg=0,b= —%, 2024 ) and performing 1]
the change of variableg = 6 + 7. Thus,

T2 L o i n [2pd
1-3: /0 )\—p26 2P e >\2d I() %
where Iy(-) is the modified Bessel function of the first kind(13]
of 0-order. [14]
It is noticed that the remaining integral @can be seen as
the first moment of a Rice distributioR(r, s, 02) [18, pp.46- [15]
47] with s = d ando? = \2/2. Therefore, computing the first [16]
moment of R(r, s, 0?), denoted byuy, and given by

+oo
T2
R— —e
H o2
0

. L (p?+d>—2p(A, cos B+A, sin 9))dpd9 (42) 7

dp,  (43) 2

, [27)
Io(5) =2 TR (E1E). @) us

r +<
202

Using equation (9) it can be also shown ﬂ;'ﬁ%zg = 2d;.
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