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Abstract— The performance of a method for the estimation of
physical parameters from impulsive waveforms utilizing an array
of correlators is studied through Cramar-Rao lower bound analy-
sis. The analysis is made possible by the introduction of a Hermite
wavelet model for the impulsive signals. Exploiting the existence
of closed-form correlation formulae of Hermite wavelets, the
problem of parameter estimation from ultra wideband (UWB)
impulse-radio signals is brought to conditions similar to those
found in conventional narrow-band array signal processing, and
yielding a mathematical mathematically tractable description
of the output of the array of correlators. Numerical examples
exploring the influences of the array topology and template
waveform design on the estimation accuracies of angle of arrival
and time difference of arrival are also provided.

I. INTRODUCTION

The estimation of physical parameters such as signal
strength, time difference of arrival (TDoA) and angles of ar-
rival (AoA) for beamforming, ranging, positioning and channel
sounding applications is a classic problem in the area of array
signal processing. In the special case of parameter estimation
from wideband signals, this problem has generally been ad-
dressed by transforming the output of the array into a set of
separate vectors each preserving a portion of the information
on the spatial, temporal and frequency characteristics of the
impinging waveforms [1]–[3]. Unfortunately, this “classic” de-
composition approach requires the manipulation of a number
of variables many times larger than that of parameters to be
estimated, leading to algorithms whose complexities increase
manyfold with the bandwidth of the signals.

For chirp waveforms, in which an increase in the bandwidth
of the signal results in a proportional increase in the symbol
duration, the classic wideband approach is still applicable as
shown in [4], [5]. The bandwidth of impulsive waveforms, on
the other hand, is associated with a shorter symbol duration,
rendering approaches based on time or frequency domain
decomposition unrealistic for impulsive UWB signals. Non-
surprisingly, contributions in the area of UWB array antennas
are rare and, to the best of our knowledge, limited to beam-
forming techniques [6], [7]. Although the AoA of UWB im-
pulses could be extracted from the structure of corresponding
steering vectors, the inaccuracy of such an approach can be
inferred from a parallel with the narrowband case [8], and has
led to the perception that array signal processing techniques
are not applicable for UWB impulsive signals [9].

It is known that the Hermite polynomials are energy eigen-
functions of the Harmonic oscillator, such that the waveforms
naturally arising from near-equilibrium oscillatory processes
are Hermite wavelets [10]. Consequently, the waveforms pro-
duced by state-of-the-art UWB pulse-generators [11], [12] are

accurately modeled by Hermite functions [13].
It has been recently shown that this model can be exploited

to devise a theory that enables the application of narrowband
array signal processing to the analysis of UWB signals [14].
Examples of the implementation of the Capon beamformer
and the MUSIC algorithm to the estimation of TDoA and
DoA were provided in [14]. In this paper, we add to that
contribution by providing a more general and theoretical
evidence of the efficacy of that approach. The remainder of
the paper is as follows. In section II, the mathematical model
for the UWB impulsive signals and fundamental aspects of
the array receiver structure and described. The structure of
the bank of correlators employed across the array in order to
bring the problem of parameter estimation of UWB signals
to narrowband-like conditions is briefly revised in section III.
The Cramer-Rao lower bound analysis on the variances of
the estimation errors associated to the physical parameters is
carried out in section IV.

II. SIGNAL MODEL AND ARRAY STRUCTURE

A common definition of Hermite wavelets is given by [15]

ψn(t) � Hn(t)e
−t2

2√
2nn!

√
π
, (1)

where Hn(t) are the Hermite polynomials defined by1

Hn(t) � (−1)net2 d
n

dtn
e−t2 n ∈ N. (2)

Let us denote the Euclidian distance from the n-th element
to the center of an array immersed in an isotropic medium by
dn and, without loss of generality, label the antennas such that
dN−1 gives the array’s largest dimension.

In order to ensure that all N elements of array receiving a
given pulse “sample” the same waveform, dN−1 must satisfy

dN−1 � c T = λ, (3)
where T is the time taken by a single impulse to propagate in
the medium with speed c.

The product λ= c T gives the length (in meters) of ψn(t)
and, therefore, is hereafter referred to as the wavelength of the
pulse. Note that the condition described by equation (3) does
not result in unrealistic requirements on the size of the array
receiver. For example, for T = 250ps, which is short enough
to allow full multipath resolvability [17], it is found that dN−1

is upper-bounded by the rather large figure of 7.5cm.

1A more general definition of Hermite wavelet and closed form formulae
for the corresponding correlation functions can be found in [16].



Let K impulses, each modeled as a Hermite function of
mk-th order with amplitude γ 2

k and bearing the symbol sk,
impinge onto the array from the direction described by the
pair of angles (θk, φk). Then, the TDoA of the k-th pulse at
the n-th element relative to an arbitrary reference becomes:

∆τk,n = −dn

c
cos (θk − ϑn) cos (φk − ϕn) , (4)

where (dn, ϑn, ϕn) are the cylindric coordinates of the n-th
element, with respect to the reference.

Let the signal received at the n-th element be correlated
against a template wavelet ξn(t), and denote the TDoA of the
k-th signal by τk. Then, the array output in the presence of
the k-th signal is given by

ak = [R0,mk
(τk) · · · RN−1,mk

(τk + ∆τk,N−1)]
T
, (5)

where T denotes transpose, Rn,m(τ) is the correlation function
of the template and impinging waveforms ξn(t) and ψm(t).

Form all the above, the array output in the presence of all
K signals, interference and noise, in a stationary scenario is

r =
N−1∑
k=0

(ak γk sk) + w = A · Γ · s + w, (6)

where the pulse amplitude matrix Γ, the array manifold matrix
A, the symbol vector s, and the noise vector w are all real-
valued quantities respectively given by

A = [a0 a1 · · · aK−1] , (7)

Γ =

[
γ0 0. . .0

γK−1

]
, (8)

s = [s0 s1 · · · sK−1]
T
, (9)

w = [w0 w1 · · · wN−1]
T
. (10)

The similarity between the structure of the array receive
vector given by equation (6) and that found in the narrowband
array signal processing literature [8] is evident.

Many of the high-resolution parameter estimation tech-
niques of relative lower complexity rely on moments of the
array output vector, such as the covariance matrix (second-
order moment) or the cummulant matrix (fourth-order mo-
ments) [18]. These techniques are known to be sensitive to
correlation amongst the entries of the noise vector, to non-
Gaussianity of the randoms, and to the distribution of the noise
powers across the array [18]–[20]

Fortunately, the central limit theorem ensures that wn have
Gaussian statistics [17] and a classic communication-theoretic
result on the correlation receiver [21] establishes that if the cor-
relation filters used at different antenna elements have unitary
energy and are orthogonal to one another, wn are independent
and identically distributed (i.i.d.) processes. Furthermore, the
fact that UWB correlators are essentially ultra-wide passband
filters implies that the spectra of wn are approximately white.

It is understood from the above arguments that if the
correlation templates ξn(t) are orthonormal functions, the
noise vector w can be modeled as a sample vector of real,
additive white Gaussian (AWG), independent and identically
distributed (i.i.d.) randoms of zero mean and variance σ 2

w,
reproducing the conditions generally observed (or assumed)
for the noise vector in narrowband array signal processing
techniques. In other words, an expedient choice of template
wavelets ξn(t) leads to a noise covariance and array covariance
matrices respectively given by

Rw = E
[
w · wT

]
= σ2

wI, (11)

R = E
[
r · rT

]
= A · Γ ·Rs · ΓT ·AT + σ2

wI. (12)
where E[ ] denotes expectation, I is the identity matrix, and
Rs is the signal covariance matrix.

III. CONSTRUCTION OF THE CORRELATORS

A natural choice for the orthonormal template wavelets
ξn(t) to be used at the antenna elements are the Hermite
wavelets, as defined in equation (1). A closed-form expression
for the correlation function of any arbitrary pair (n,m) of
Hermite wavelets is given by [22]

Rn,m(τ) =
(−1)2m+n

√
n!m!

√
2n+me

τ2

4

�(n,m)�∑
k=0

(−2)kτn+m/2k

(n−k)!(m−k)!k! , (13)

where �(n,m)� denotes the minimum between the pair (n,m).
Unfortunately, the use of Hermite orthogonal filters at the

array may lead to situations where the output of the correlators
not matched to the impinging waveforms are negligible, sig-
nificantly reducing the degrees of freedom of the receiver. For
instance, the response of a uniform linear array (ULA) to a
perfectly synchronized distortionless impulse impinging from
broadside would be a vector with a single non-zero output!

This problem can be solved by generalizing the array
construction, such that the correlation templates are given by
combinations of Hermite wavelets, that is,

ξn(t) =
1
Q

Q−1∑
q=0

bn,qψq(t). (14)

The cross-correlation functions of the template wavelets
ξn(t) and the Hermite UWB waveforms ψm(t) can be easily
obtained from equations (14) and (15), yielding

R̃n,m(τ) =

∞∫
−∞
ξn(t)ψm(t− τ)dt =

1
Q

Q−1∑
q=0

bn,qRq,m(τ). (15)

It follows that the array output corresponding to the k-th
source is given by

ãk = diag
{
B · R̃k

}
/Q, (16)

where the N -by-Q matrix B is build from the coefficient en-
tries bn,q , and R̃k is a Q-by-N matrix carrying the projections
of the UWB waveform arriving at each antenna, over the basis
of the Hermite subspace of dimension Q, which is given by

R̃k =

⎡
⎣ R0,mk

(τk) · · · R0,mk
(τk+∆τk,N−1)

...
. . .

...
RQ−1,mk

(τk) · · · RQ−1,mk
(τk+∆τk,N−1)

⎤
⎦ . (17)

Orthogonality, transmit power limitation and complexity
constraints lead to a Hermite-Hadamard construction2 for the
coefficient matrix B. The Hermite-Hadamard construction
results in an even distribution of the energy collected across the
elements of the array subject to the presence of an incoming
UWB signal. This is graphically described by the following
quantity, referred to as the apparent size of the array:

ΣBi(τ̃ ) � 1
max (|ãn(τ̃ )|)

N−1∑
n=0

|ãn(τ̃ )|, (18)

where τ̃ = τ + ∆τ combines the effects of τ , θ and φ.

2Details can be found in [14].



Given a certain direction of arrival τ̃ , the apparent size ΣBi

approaches N when the absolute value of the output of all
elements are non-zero and equal to one another, and decreases
if any of the antenna elements collects a larger amount of
energy than all the others or if any of the elements have a null
output. In other words, ΣBi gives us an idea of the number of
elements in the array that are effectively useful in sampling the
signal arriving from the locus τ̃ , defined by the the parameters
τ , θ and φ.

Since a large number of distinct partitioned permutations of
the Hadamard matrix can be constructed, the apparent array
size is dependent on the particular choice of coefficient matrix
Bi, as indicated by the notation. This gives us a practical
method to optimize the coefficient matrix, namely, select the
coefficient matrices Bi that results in the apparent array size
curve that is closet to the envelope of all such curves obtained
with all possible mutually exclusive Bi, denoted by �ΣB(θ)�.
Figure 1 provides a few examples of ΣBi for different Bi,
together with their envelope �ΣB(θ)�.

While the comparison between ΣBi(τ̃ ) and �ΣB(θ)� needs
be, in principle, performed over τ̃ , it will be latter shown that
the Cramer-Rao bound on the variance of the TDoA estimates
τ̂ are significantly lower than those for the angle parameters
θ̂ and φ̂, such that the optimization of Bi can be performed
over the spatial domain only, which simplifies the procedure.
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Fig. 1. Uniform Linear Array (N = Q = 8; Length λ).

IV. CRAMER-RAO BOUNDS

While examples of the implemented well-known narrow-
band array signal processing techniques to the estimation
of location parameters directly from UWB signals using the
theory here introduced were given in [14], it is important to
assess the performance of the approach from a more general
and theoretical point of view. For that matter, it is of special
interest to quantify the relative performances of the Hermite
and the Hadamard arrays discussed in section II and III, from
a standpoint independent of particular estimation algorithms.
This can be achieved by computing the Cramer-Rao bound on
the variance of the estimation errors associated to the physical
parameters that describe the receive vector r and the array
covariance matrix R (see equations (6) and (12)), which can
be grouped in a vector parameter η =

{
σ2

w,γ, τ ,θ,φ
}
.

If the transmit symbols are bipolar, the stationarity of the
scenario and the noise Gaussianity imply that the error vectors
are samples of a Gaussian zero-mean stochastic process.
Although this assumption is not generally satisfied, it has been
shown that this assumption results in a maximization of the
Cramer-Rao bound [23], leading to a conservative prediction
of the estimation performance, which inflicts no harm on the
results of the analysis.

Under the Gaussian assumption, the likelihood function of
the data becomes [24]

L(r0, · · · , rP−1) = (π ‖R‖)−P ·e−P ·tr{R−1·R̂} (19)
where rp is the receive vector at the moment of the p-th
sample, R̂ is estimate of the covariance matrix estimate over
the samples, and ‖ ·‖ and tr{·} denote the determinant and
trace operations, respectively.

From equation (19), it is readily found that the negative
log-likelihood function of the sample vectors is

− ln(L) = N ·P ·ln(π)+P ·ln (‖R‖)+P ·tr
{
R−1 ·R̂

}
. (20)

The Gaussianity of the error vector w implies that the
entries of the Fisher Information Matrix J, from which the
Cramer-Rao bounds is obtained, can be computed using the
Slepian-Bang’s formula below, [25]

Ji,j = tr
{
R−1 ·∂R/∂ηi ·R−1 ·∂R/∂ηj

}
, (21)

where the subscript i, j denotes the element on the i-th
row (element) and j-th column of the corresponding matrix
(vector).

The partial derivatives required to construct the Fisher
Information Matrix are given by

∂R/∂σ2
w = I, (22)

∂R/∂Γ = A·Rs ·ΓT ·AT + A·Γ·Rs ·AT, (23)

∂R/∂τ = Ȧτ ·Rs · ΓT ·AT + A · Γ ·Rs · ȦT
τ , (24)

∂R/∂θ = Ȧθ · Rs · ΓT · AT + A · Γ ·Rs · ȦT
θ, (25)

∂R/∂φ = Ȧφ ·Rs · ΓT · AT + A · Γ ·Rs · ȦT
φ, (26)

where Ȧτ , Ȧθ and Ȧφ given by

Ȧτ = ∂A/∂τ = (27)⎡
⎢⎢⎣

∂R0,m0 (τ0)/∂τ0 · · · ∂R0,mK−1(τK−1)/∂τK−1

...
. . .

...
∂RN−1,m0 (τ0+∆τ0,N−1)

∂τ0
· · · ∂RN−1,mK−1 (τK−1+∆τK−1,N−1)

∂τK−1

⎤
⎥⎥⎦,

Ȧθ = ∂A/∂θ = D · Ȧτ � sin(Θ) � cos(Φ), (28)

Ȧφ = ∂A/∂φ = D · Ȧτ � cos(Θ) � sin(Φ), (29)

where � denotes the Hadamard (element-by-element) product,
and the matrices D, Θ and Φ are respectively given by

D =

[
d0 0. . .0 dN−1

]
, (30)

Θ =

[
θ0−ϑ0 · · · θK−1−ϑ0...

. . .
...

θ0−ϑN−1 · · · θK−1−ϑN−1

]
, (31)

Φ =

[
φ0−ϕ0 · · · φK−1−ϕ0...

. . .
...

φ0−ϕN−1 · · · φK−1−ϕN−1

]
. (32)



The entries of the Fisher Information Matrix corresponding
to each of the parameters σ2

w, Γ, τ , θ and φ are computed
from equations (21) through (32), and summarized as follows.

1) Entry on the Noise Power:

Jσ4
w

= tr
{
R−2

}
. (33)

2) Entries on the Variance of Physical Parameters:

Jη2
i

= tr
{(

R−1 ·∂R/∂ηi

)2
}
, (34)

where ηi represents Γ, τ , θ or φ, one at a time.

3) Entries on the Covariance of Physical Parameters:

Jηiηj
= Jηjηi

= tr
{
R−1 ·∂R/∂ηi ·R−1 ·∂R/∂ηj

}
, (35)

where ηi and ηj represent a mutually exclusive pair of the
parameters Γ, τ , θ and φ.

4) Entries on the Covariance of a Physical Parameter with
the Noise Power:

Jσ2
wηi

= 0. (36)

The Fisher Information Matrix then becomes,

J =

⎡
⎢⎢⎢⎢⎣
Jσ2

w
0

JΓ2 JΓτ JΓθ JΓφ

JτΓ Jτ2 Jτθ Jτφ0
JθΓ Jθτ Jθ2 Jθφ

JφΓ Jφτ Jφθ Jφ2

⎤
⎥⎥⎥⎥⎦ =

[
Jσ2

w
0

0 J̃

]
.

(37)
Finally, the Cramer-Rao bound3 on the parameter vector η

is given by,
C(η) = J−1. (38)

The bound for the estimation error variance on the noise
power σ2

w can be easily computed from C(η) using the
bordering method [26], which reduces equation (38) to

C
(
σ4

w

)
= C1,1(η) =

[
J−1

σ2
w

0

0 J̃−1

]
1,1

=
1
Jσ2

w

. (39)

Although useful closed-form expressions for the bounds
on the physical vector-parameters Γ, τ , θ and φ cannot be
obtained, efficient numerical computation can be performed
using the Cramer’s rule, which gives,

C(ηi) = ‖ [J]i,i ‖ · ‖J‖−1, (40)

where [J]i,j denotes the so-called cofactor associated to the
(i, j)-th entry of J, defined as the matrix that results from J
when its i-th row and j-th column are deleted.

Making use of the following property in equation (40),

det
([

α 0
0 X

])
= α‖X‖, (41)

we finally obtain,

C(ηi > 1) = ‖[J̃]i,i‖ · ‖J̃‖−1. (42)

3The formulation adopted here is such that the resulting Cramer-Rao
bound is related to the estimates of the set of parameters (all sources). The
formulation for each parameter considered individually is similar, only with
the derivatives given by equations (33) through (35) taken element-by-element.

V. NUMERICAL RESULTS

In this sub-section, the Cramer-Rao bounds derived above
are utilized to compare the performances of the Hermite
and the Hadamard arrays, with respect to the estimation of
location parameters. Figure 2, for instance gives the Cramer-
Rao bounds on the variances of DoA estimates obtained with
4-element uniform linear, rectangular, and spherical arrays.
All results are obtained over 100 samples in a single source
scenario using the first Hermite wavelet as incoming signal
and under perfect synchronization conditions (τ = 0), and the
coefficient matrices used in all plots are obtained through the
numeric optimization described in section III.

Note that since none of the correlation filters employed in
the elements of a Hadamard array is matched to the incoming
waveform, the total energy collected by these arrays are, in
fact, less than that collected by a Hermite array with the
same structure. Therefore, for a fair comparison, the signal-
to-noise-ratio figure is defined as the ratio between the energy
of the incoming pulse and the total noise at the output of
the array (denoted SNRin/out). All results are for SNRin/out =
10dB, which is rather low, considering that the array receiver
is correlation-based [17]. The figure not only shows that
optimized Hadamard arrays are superior to Hermite arrays,
but also illustrates the relationship between the apparent size
of an array and the corresponding expected performances in
the estimation of positioning parameters.

Next, in figure 3, the Cramer-Rao bonds on the variances
of TDoA estimates using the two different array constructions
are compared. Three sub-figures are given, each corresponding
to incoming pulses at a different incidence angle. The array
antenna is a three-dimensional tetrahedric array and all the re-
maining conditions are the same as those assumed previously.
It is again found that the results obtained with the Hadamard
arrays are generally better than those achieved with Hermite
arrays. More importantly, it is seen that although the coefficient
matrices obtained as described in section III are not generally
optimum4, it yields near-optimum results over a significantly
wide span of the domain. Comparing figures 2 and 3, it is also
noticeable that the Cramer-Rao bounds on the TDoA estimates
are much lower than those on the DoA estimates, indicating
that the optimization process of section III is indeed adequate.

Finally, the performances of the Hermite and the Hadamard
arrays in the estimation of positioning parameters in a scenario
with two correlated sources are compared in figure 4. The
signals of both sources are assumed to have equal energy
(normalized to the unity) and impinge from different direc-
tions. Curves corresponding to the Hermite array are shown in
dashed lines. Results corresponding to Hadamard arrays with
coefficient matrices given by mutually exclusive permutations
of the 4-by-4 Hadamard matrix are shown with dotted lines,
and the results obtained with optimized coefficient matrices
appear detached, in solid lines with markers. Since the Cramer-
Rao bounds are related to the performance of the Maximum
Likelihood estimator, the figure provides evidence that array
antennas with Hermite-Hadamard orthogonal correlation fil-
ters in their elements can (at least theoretically) handle the
presence of correlated and even coherent signals.

4The existence of a globally optimal solution for the coefficient matrix is
rather unlikely.
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Fig. 2. Cramer-Rao Bounds on the variances of DoA estimation errors with
Hermite and Hermite-Hadamard arrays.
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Fig. 3. Cramer-Rao Bounds on the variances of DoA estimation errors with
Hermite and Hermite-Hadamard arrays.
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U3DA as a function of the source correlation coefficient.
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