
II. PROBLEM STATEMENT

Consider a network of N nodes deployed in the � -
dimensional space, and model such a network with an un-
weighted graph G = (V, E), where V and E indicate the set
of nodes (vertexes) {v i} and the set of communication links
(edges) {eij}, respectively. Let a connectivity hole be an area
where nodes can not be placed and edges can not exist. Such
holes are present in the network layout, and it is assumed that
their size, their number and their shape are unknown.

Next, consider that nodes are characterized by a fixed
transmission power PMAX, such that the radio coverage of
a sensor (node) is uniform in all directions and confined to
a maximum distance RMAX. Then, two nodes (vi, vj) are
connected if their mutual distance is less than the maximum
radio range and, in this case, it is said that the link eij exists.

Assume that nodes have been already discovered, and the
information about the local-node connectivity is forwarded to a
central unit, or server-node. This unit is then able to derive the
connectivity matrix C, which represents the adjacent matrix
of the graph G. Specifically, such a matrix consists of (1, 0)-
binary elements, whose entry cij is equal to 1 if the edge eij

exists or equal to 0 otherwise.
In this article, it will be shown how to exploit this binary

information to extract structural properties of the graph, and
in particular, the objective is focused on the detection of a set
of nodes that are located around the holes and at the outer
perimeter of the area, i.e. at the geographical boundary.

III. GRAPH-SPECTRAL CLUSTERIZATION

In [10], a method based on graph-spectral analysis is
proposed to detect a subsets of vertexes within a graph, that are
strongly meshed, i.e. clusters. In particular, it is shown how to
exploit the eigenspectrum properties of the Laplacian matrix
[9] of a graph G, and specifically, how to derive its structural
properties from the mere study of the magnitude of its second-
lowest eigenvector components. In other words, if we consider
that the i -th vector component is uniquely associated to the
i -th node, then elements with the same order of magnitude
indicate those nodes that are forming a cluster.

Let the Laplacian matrix L and its spectrum given by

L � ΔŠ C, with Δ = diag([1,· · ·, 1] · C), (1)
L = B · Λ · B. (2)

where Δ is a diagonal matrix whose i -th diagonal element
� ii, node-degree, is equal to the number of connections per
corresponding node, B and Λ are the eigenvector-matrix and
the eigenvalue-matrix, respectively.

Considering that the eigenvalues are ordered such that � 1 �
� 2 � · · · � � N , then the second-lowest eigenvector is given
by the column vector b2, where its components are denoted
by b2i

. Such a vector is known as Fiedler vector [11], [9].
Next, labeling the nodes in G with numbers from 1 to N ,

and using the correspondence between the i -th vector compo-
nent and the i -th node, we apply the Simon’s spectral bisection
algorithm for graph partitioning [12], shortly described below,
to perform an hierarchical clusterization.

Algorithm 1 Simon’s Spectral Bisection (core)
1: Get the Connectivity matrix Ck of Gk(V, E)
2: Compute Fiedler vector for a graph Gk

3: Sort the vertices according to size of entries in
Fiedler vector

4: Assign half of the vertices to each subdomain
{G k+1 , Gk+2 }

5: Repeat recursively (divide and conquer)

In our particular context, the aforementioned bisection al-
gorithm is used to derive a clusterization technique, described
below, executed at the node-server. Starting from the graph G,
the connectivity matrix C(k ) , the Laplacian matrix L(k ) , and
its second smallest eigenvector b(k )

2 are computed, where the
superscript indicates the hierarchical level.

The vector b(k )
2 is partitioned into 2 complementary parts

[{b(k)
2i

}, {b(k )
2j

}] accordengly to [12]:

{b(k )
2i

} = {b(k )
2r

|b(k )
2r

� � (k+1) }
{b(k )

2j
} = b(k )

2 \ { b(k )
2i

}
(3)

where · \ · denotes set-difference and the threshold � (k ) is the
median of the Fiedler eigenvector components.

Once the eigenvector is partitioned, the two sub-graphs G1

and G2 are uniquely identified by their connectivity matrix
C(k+1)

1 and C(k+1)
2 , which are obtained from the original

connectivity matrix C(k ) as follows:

C(k+1)
1 = C(k ) ({i}, {i}), (4)

C(k+1)
2 = C(k ) ({j }, {j }). (5)

The iteration is stopped when either a minimum number
of node nC is reached or when the subnetwork is suffi-
ciently connected. The former criteria avoids to consider large
clusters, and therefore, minimizes the algorithm complexity.
The latter ensures that the clusters are enough connected, so
that almost all nodes are located at an equivalent position
under a connectivity point of view. We measure the degree
of connectivity by �, that is given by:

� � 2
N (N Š 1)

·
N�

i

N�

j=i+1

cij . (6)

The spectral-graph analysis also provides a tool to study
the centrality of a node, that addresses the question: “who
is the most important or central node in the network?”. This
information is useful in routing problems, where it is important
to identify nodes with an important roles in the traffic flow.

A powerful method to compute this information is the
calculation of the eigenvector centrality [13], that measures
the importance of a node both for the number and the quality
of its connections. Specifically, the highest eigenvector of
a connectivity matrix reveals that the most central node,
hereafter denoted by vC , is associated to the index of the
eigenvector component with larger magnitude. In figure 1, an
example of a network with 2000 nodes is shown, where first
the clusters are derived and then, for each of them, the central
node vC is detected and represented by a star.
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Fig. 1. Example of a network with 2000 nodes, located within a squared
area of 1 × 1 meters and 1 hole of diameter 0.5 meters. Cluster centres are
shown with a white star.

IV. BOUNDARY DETECTION ALGORITHM

A simple and efficient way to detect the network boundary
is described in this section. First, the aforementioned cluster-
ization technique is applied to partition the network in small
clusters characterized by an high level of connectivity. With
a large likelihood, the formed subnetworks will not contain
connectivity holes, so that the distribution of nodes can be
considered sufficiently uniform. Moreover, one can observe
that nodes located simultaneously at the boundary of adjacent
clusters are obviously not at the border of a hole, therefore,
the procedure of recognizing nodes that are exclusively at the
boundary of one cluster, ultimately yields the collection of
nodes at the boundaries of the network in general.

In other words, the detection of the network boundary can
be performed by merging the adjacent clusters, and only those
nodes that are at the border of the clusters and that are not
connected to two or more clusters, are selected as network
boundary nodes. Mathematically, let Vbi be the set of the
border nodes for the i -th cluster, then the nodes at the network
boundary can be derived as follows:

VB =

�
�

i=1: M

Vbi

�

\

�
�

i=1: M

Vci

�

, (7)

where M is the number of clusters and Vci
is the set of nodes

in the iŠth clusters, such that have at least one neighbor in
an adjacent cluster CL j .

A non-trivial problem is, now, moved to the recognition of
the border nodes at each cluster. To cope this difficulty, one can
observe that by-construction a cluster is a network well con-
nected where nodes are typically well (uniformly) distributed.
Therefore, under these conditions, a node at the boundary
has typically less neighbors (connections) than the others.
Consequently, those nodes are less central [13] than the others.

In graph-theory, this type of centrality is measured by the
betweeness-centrality [13], which can be computed at each
node and it is given by:

CB(v) =
�

s�=v �=t∈V

� st(v)
� st

, (8)

where � st is the number of shortest geodesic paths from s to
t, and � st(v) the number of shortest geodesic paths from s to
t that pass through a vertex v.

In other words, this metric represents the occurrence of the
node v in a geodesic distance [13] between two different nodes
vt and vs. Therefore, it is expected that in a meshed network,
where nodes are uniformly distributed, a low beetweness-
centrality score is typically assigned to border nodes.

In figure 2, an example of a network with 207 nodes,
having radio connectivity of 0.05 is shown. Each node has
been colored with a tone proportional to the normalized value
of betweeness-centrality. Nodes at the boundary have a lower
value (darker color), while in the center, as expected, the nodes
have higher score (lighter color).

If only the connectivity information is used, then estimating
how many nodes are in the border is not trivial. To solve this
issue, we propose a method that results in an accurate estimate
of the number of nodes at the boundary that simply relies on
the knowledge of the maximum radio range RMAX.

Let Gk(V, E) and Ck be the graph of a cluster and its
corresponding connectivity matrix. Let Nbk

be the average
number of neighbors of a node within the cluster, given by:

Nbk
=

1
Nk

Nk�

j=1

Nk�

i=1

cij , (9)

where Nk is the number of vertexes of Gk.
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Fig. 2. Example of a cluster with 207 nodes. The nodes are colored
accordingly to the normalized value of the betweeness centrality.
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Let � be an estimate of the node density given by:

� = Nbk
/(	R 2

MAX) (10)

Assuming that the nodes are uniformly distributed in the
network, then an estimate of the radio Rk for a theoretical
disc that contains the cluster is given by:

Rk =
�

Nk/(	� ). (11)

Following, the number of border nodes can be estimated as:

Nbnk
= 2

�
	N k. (12)

Suppose that the betweeness-centrality values are stored in
a vector, denoted by bC , and considering that such a vector is
sorted in increasing order, then the border nodes of a cluster
are identified by the first Nbnk

indexes, whose corresponding
measured values are the lowest. For instance, in the previous
example, only 52 nodes (light color) are selected and identified
as border nodes, as illustrated in figure 3.

At this point, for each cluster we have identified the border
nodes. The last step, then, is to sequentially merge all the
clusters and exclude the bridge-nodes, i.e. border nodes that
connect adjacent clusters.

As an illustrative example, we consider a network with one
connectivity hole, as shown in figure 4. After clusterization,
cluster border node identification and cluster-merging, the
boundary nodes of the network are recognized and, as shown
in the figure, they are marked with a darker color.

A final refinement, to complete the boundary recognition
would be to connect all the edge nodes in order to form several
loops and a possible technique can be similar to that one
proposed in [7], where a shortest path algorithm or a greedy
based routing are used.
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Fig. 3. Example of a cluster with 239 nodes. The nodes at the border found
by the betweeness centrality are highlighted in dark color.
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Fig. 4. Example of a cluster with 2500 nodes. The nodes at the border are
highlighted in light color.

V. SIMULATIONS

In this section, we show the performance of the proposed
boundary recognition algorithm via simulations of a few
network scenarios using MATLAB. In particular, we consider
dense networks with 4000 nodes, that are deployed in a square
of 1× 1 meters with a few holes. The radio range connectivity
is set such that the probability of having 1 isolated node is
equal to 1% [14]. We set the completeness threshold � CL

for the clusterization algorithm to 0.6 and we consider that
a cluster should contain at least nC = N/ 10.

In the first example, shown in figure 5, we consider a
network layout where three connectivity holes are present, and
in particular two of them are in the inner part and one at the
outer side. Specifically, the former are defined by a circle and
a square respectively. The circle has center in (0.25, 0.25) and
radius 0.1, while the square is centered at (0.75, 0.75) and it
is characterized by an edge-length equals to 0.2. The last hole
is placed at the bottom-right corner of the network and it has
a squared shape with edge-length equals to 0.25. Applying
the proposed algorithm, we are able to identify most of the
nodes located at the inner and outer boundary, as shown by
the darker nodes. In the next example, shown in figure 6, we
introduce one more hole in the layout, and as expected, the
performance does not change.

It is fair to say that the proposed algorithm is not as
accurate as those ones in [5]–[7], since nodes inside the
network are erroneously selected as border nodes. The reason
to this drawback is due to the merging procedure, that will
be improved in a future work. For instance, an immediate
enhancement can be achieved by exploiting the assumption
that nodes known their own location and are able to perform
greedy routing. Indeed, node in the inner side of the network,
that are erroneously selected as border nodes, can recover
the error by exchanging the location information with their
neighbors. If they are surrounded by many nodes, they can
deduce to have a low likelihood to be at the border.
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Nevertheless, the inaccuracy of the method is reasonable, if
one considers that there is no packet-overhead to achieve the
result and no harm is caused to the main objectives, which are
oriented to aid geographical routing scheme or monitoring.
Indeed, in the case of multi-hop relaying based routing, if
a node is erroneously selected as border, the forwarding
mechanism will not rely on that node, but it will not stop, since
more relaying can be found in the nearest neighborhood. Yet
if the network is used for monitoring application, the mistake
in the decision is negliteble, since the area is still observed by
the surrounding nodes.
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Fig. 5. Example of a cluster with 4000 nodes and three connectivity holes.
Two holes are located in the inner area of the network and one at the bottom-
right corner. The nodes detected as at border-nodes are highlighted in black.
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Fig. 6. Example of a cluster with 4000 nodes and four connectivity holes.
Two holes are located in the inner area of the network and two at the bottom-
right and top-left corner, respectively. The nodes detected as at border-nodes
are highlighted in black.

VI. CONCLUSIONS AND FUTURE WORKS

In this paper, the problem on boundary recognition in a large
wireless sensor network is considered. We have proposed a
method to detect the nodes at the border from mere connectiv-
ity information and using graph-theoretical tools. Specifically,
we have used the spectrum of the Laplacian matrix of the
graph in order to perform a robust network clusterization.
For each detected cluster, the cluster-border nodes are esti-
mated by using a score based on the betweeness-centrality.
Such a method is revealed to be efficient and reliable, since
peripheral nodes are characterized by a low betweeness-
centrality value. Finally, a sequential merging procedure with
a node exclusion rule is used to detect the inner and outer
boundaries of the entire network.

In future, we will investigate the performance of a geo-
graphical routing scheme that is aware of the dead-end nodes
estimated by this method and we will compare it to other
existent protocols.
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