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ABSTRACT

Source localization from imperfect and incomplete range infor-
mation is considered. The problem is formulated as a combina-
tion of the well-known Euclidean Distance Matrix (EDM) ap-
proximation/completion problem and multidimensional scaling
(MDS). A powerful technique that solves the EDM approxima-
tion/completion problem by exploiting the semi-definiteness
property of a corresponding Euclidean kernel has been recently
proposed [1]. That technique requires, however, that the entries
of the input EDM be weighted in accordance to their reliabil-
ity. In this paper, a formula for such a weight function, based
on confidence-bound statistics of the distance estimates and
on Graph spectral properties is studied. Computer simulations
show that significant improvement in localization accuracy can
be achieved by utilizing the weight function derived.

I. INTRODUCTION

Sensor localization from incomplete and imperfect range infor-
mation has recently become an attractive research topic in the
area of wireless communications. The analogous problem of
estimating the relative location of multiple points from the cor-
responding set of dissimilarities has, however, been previously
considered in areas such as psychology, geography and biol-
ogy, and is known to be efficiently solved by multidimensional
scaling (MDS) [2].

When the dissimilarity between points is the Euclidean dis-
tance, the matrices of all pairwise metrics is known as the Eu-
clidean Distance Matrix (EDM) and the corresponding MDS
technique is referred to as metric MDS. The parallel between
metric MDS and the sensor localization problem has been re-
cently considered in [3-5].

In comparison to “classic” MDS [2], however, the new prob-
lem brings new challenges. In particular, in typical wireless
network localization problems, ranging information, collected
by non-identical devices, is often imperfect, incomplete and
follow different statistics. Therefore, robust and accurate non-
parametric algorithms that handle incomplete and imperfect
distance estimates are desired.

In this paper, one such algorithm is proposed. First, the sen-
sor localization problem is formulated in terms of the EDM ap-
proximation/completion problem posed and solved in [1]. The
technique, which requires that the entries of the input EDM
be weighted according to their reliability, is then brought into
the context of sensor localization by the derivation of a weight-
function computed from the distance estimates and the struc-
tural property of the network.

The remainder of the paper is structured as follows.
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In section II, the problem and assumptions are stated for-
mally and put into context. That section also serves the pur-
pose of establishing the terminology and mathematical nota-
tion used throughout the paper. In section III, the applica-
tion of MDS to sensor localization is briefly reviewed and the
semi-definite programming (SDP) solution for EDM comple-
tion/approximation problems (EDM-CP/AP) is discussed. In
section IV, the proposed weight function is derived and the per-
formance of its application to the SDP-based localization tech-
nique [1], henceforth referred to as modified SDP, is studied in
section V. A brief conclusion is given in section VI.

II. PROBLEM STATEMENT

We consider a network of N devices embedded in the 7)-
dimensional Euclidean space. Such a network can be repre-
sented [6] by a simplicial graph G, v (p, E, D), with vertices
p, edges E = {e.} where r is an index for the conncec-
tion (n,m) € E, and weights D = {d, ., : (n,m) € E}.
Edges represent communication links, while weights are the
Euclidean distance between sensors, given by

dnm = D([%Xn, Xm)) £ \/<(Xn —Xpm); (Xn = X)), (D)

where x,, denotes the coordinate vector of p,, and (X,,; X, ) the
inner product of x,, and x,,,, with x,, # x,, V n # m.

Let C be the binary-valued adjacent matrix of the graph
Gy ~(p, E,D), with ¢,, ,,=1 and ¢, = 0 indicating the ex-
istence and the non-existence of a link between p,, and p,,,
respectively.

The matrix C will be referred to as the connectivity matrix
of the network. In a complete or fully connected graph, the
associated connectivity matrix C; = 1 - 1T — I, where the
superscript’ denotes transpose, 1 is the all-one column vector
and I is the identity matrix.

The term completeness is used in reference to the ratio o of
the cardinality of the set E and the set Ey of the corresponding
complete graph,

o = |E[/|Eq, 2
where | - | denotes cardinality.

Likewise, the term incompleteness will be used in reference
to the complement 1 — g of such a ratio.

The graph has the associated EDM D £ [d,, ,,] € SV,
where S denotes the set of hollow symmetric matrices. A ma-
trix S € SM s said to be a true EDM in the embedding 1 if
and only if (iff),

IX = [x1,-- ,xn] € RN | S = D(X), 3)

where the slightly abused notation S = D(X) indicates that
Sp,m = D([Xnyxm]) v (TL, m)
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The set of all true N-dimensional EDMs in the n-
dimensional Euclidean space will be denoted by EV*V. A ma-
trix D € SV D ¢ EN*N that is close to a true EDM (in the
Frobenius norm sense) will be referred as an EDM sample.

Let {D} = {D;,---, D} denote the set of EDM samples
D, Then, the positioning problem under consideration can be
mathematically stated as follows:

_min f(X) =[|G({D}) - G(DPX))IIZ,  ®-D
X RN
where || - ||r denotes the Frobenius norm and G is a function to

be determined.
III. BACKGROUND

The first difficulty to handle in solving problem (P — 1) is to
choose the function G. If the true EDM is known, we have
min_ fX)=[D-DX)E  (P-2)
XeR<N
Problem (P - 2) is equivalent to that solved exactly by the
metric MDS algorithm [2], which can be summarized as:

X = ([U]UL:an : [(A)%]UL:nxn>T, (€]

where [-]uL.xm denotes the n-by-m upper-left partition, (-)™
denotes element-wise (Hadamard) power of m-th order, and
U and A are the eigenvector and eigenvalue matrices of the
positive semi-definite Euclidean kernel defined as [7]:

K 2 K(D) = —(J- (D)?-3)/2,
J2I-(1-17)/N.
A. Localization and the EDM Completion Problem

Problem (P — 2) is a trivial variation of (P — 1) and its applica-
tion to source localization in wireless networks is limited, since
inaccuracies of the EDM sample — in particular erasure of some
entries (incompleteness) of {]5} — have a devastating effect on
positioning algorithms based on MDS. Non-surprisingly, con-
siderable amount of work has been done on the approximation
and complexion of imperfect EDM samples [8]. Traditionally,
this problem is solved by non-linear optimization over an ob-
jective function designed to exploit properties of EDMs [7].
In [1], for instance, Wolkowicz et al. proposed to pose the
EDM-AP and EDM-CP in the form:
: )2 —1/YA7) |2
e in o (D) —HoW ™ (W)
W0
where the M > 0 denotes positive semi-definiteness of M, o
denotes Hadamard product and W is defined as,

(5a)
(5b)

(P-3)

W =W(D)=—(V"-(D)*-V)/2, (62)
17
Vel oo lm ..... 3 (6b)
-l

It was shown in [1] that W is a positive semi-definite ker-
nel of the Euclidean distance matrix D, that admits the unique
inverse mapping D = (W~1(W))z, where

WH(W) £ diag(Wy)-1™+17-diag(Wy)—2Wy  (7)
with Wy = VWVT,

The weight matrix H in problem (P — 3) is inserted in order
to control the variation of each element of the solution. To
the best of our knowledge, however, no optimality theory to
determine such weights exists. It is only conjectured in [1] that
the entries of H should hold a proportion to the confidence on
the corresponding entries of the given EDM sample D, with
hpm = 0 for dnm unknown, and h,, ,, > 0 indicating that
Jmm is accurately measured. The idea behind this formulation
is to exploit the positive semi-definiteness of the kernel W as
an intrinsic constraint onto the solution. The problem can then
be solved by SDP, with certain convergence advantages [1].

B.  Wolkowicz’s Algorithm Application

In this subsection we show an application of Wolkowicz’s ap-
proach by simulating a scenario with 8 anchor nodes (AN) and
10 target nodes (TN). ANs have fixed and known position — at
the corner of a cube (10 x 10 x 10)m — while TNs are uni-
formly distributed inside the cube. It is assumed that all nodes
are ranging-capable and have limited radio connectivity, which
is bounded by Ryax.

The algorithm is evaluated in terms of the localization er-
ror probability £(«), which is computed from the root-mean-
square (rms) positioning error ¢(?), given by,

&(a) = P(¢9 <), (8)
C(Q)éH[X]UL:(N—A)XW_[X(g)}UL:(N—A)xn VN=A, (9)

where « is a required accuracy and the coordinates of the an-
chor nodes are placed at the lowest A rows of X.

Distance measurements are Gamma-distributed in accor-
dance to the model empirically derived in [9]. The result of the
simulation are shown in figure 1, parameterized by o, which is
set by varying Ryax within the range of 2 to 20m.

It is found that in 50% of the trials, the algorithm can solve
the localization problem with completeness up to 60% with an
accuracy better than 3.5cm.
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Figure 1: Performance of SDP localization algorithm with im-
perfect and incomplete EDMs and binary weights.
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IV. MODIFIED SDP ALGORITHM

Despite accurate, Wolkowicz’s algorithm can be improved by
utilizing a weight function that reflects the conditions under
which the EDM-AP/CP is solved. For instance, the weight ma-
trix, which in the absence of a better criterion is taken to be
a binary-valued matrix related to the connectivity of the net-
work, can be computed by exploiting the intrinsic information
of the measurements and the structural properties of the asso-
ciated graph. In the context of sensor localization, the problem
(P —3) can be revisited to

o (G2(D}) -

min , (P-4

WeR(N-DX(N-1)
W=0

")

where H is function of {D} and C that controls the variation
on each entry cfn,m in the optimization, allowing less variation
for the more “important” entries and more for the others.

While the “importance” of a single entry cznm is not clearly
defined, it is proportional to the accuracy of the distance esti-
mate and the impact of the corresponding edge onto the struc-
ture of the graph. This indicates that H can be related to a
function H ({D}) that measures the confidence of each d,, ,,.
and to a function H ¢ (C) that gives the importance of that entry
in the graph structure. Therefore, we define H as

H({D},C) £ Hp({D}) - Hc(C).

A. Derivation of the Weight Function Hp

10)

In this subsection, the function Hp is derived. The con-
fidence [10] on the estimate of the dlstance dp, m is given
by the probability that its estimate G ( nomils e dmm, K) 18
within a certain range ~ from the true distance d,, ,,, condi-
tioned on the amount of offset p,, ,,, affecting the observations
{dn,m} = {Jn,m;1,~ . -,Jn’m;K}. Thus, we may write,

Hp({D}) = ko, ]
1Dy P(ln =7 <G({dnm}) <+ 7| m).

Several solutions for the function G were investigated in [9].
It was found that the best-performing and lest complex alterna-
tive is to average the EDM samples as shown below

(11a)
(11b)

G({D}) = D = [dn,m), (12a)
1 Kn,nl -
jn m L K kzl dn,m:k: lfKn,m = 1 ,
0 if Kpym =0

where K, ,,, is the number of samples available for dy, .
Since any arbitrary pair of nodes can be considered when
computing equation (11b), the subscripts n and m will be
henceforth omitted, without loss of generality,~when introduc-
ing the following assumptions on the random d,, ,:
i) Eld] = d + p;
i) E[(d - E[d])?] = 02
ii) E[dy, - dg] = E[dk] - E[d,],

where the subscripts £ and ¢ indicate distinct samples of d.

Notice that these assumptions are not highly restrictive and
rather intuitive within the context of this work.

Now consider the variable € = d. Due to the Central Limit
Theorem, the distribution of e approaches the normal (Gaus-
sian) distribution \/(€, 02), regardless of the distribution of the
measurements d, provided that K is sufficiently large. Substi-
tuting the normal distribution into equation (11b) we obtain,
after some algebra,

o0 o0

7Idxf— 7md:17
\F L Vi,

where Iy = (d — v — €)/(0.v/2) and Iy = (d + v — &) /(0 \/2).
An immediate consequence of assumption ¢ is that

P(d ’y<e<d+’y|p) 13)

2 El] =E[d =d+p. (14)
The variance of € can be computed as follows. From the
definition, we have,
1 & \
2 2 27 _ 7 7
o} £ El(c—9?) =E (K > k—E[ca) ()
k=1
1 us N 1 [&E 2
——E (deKE[d] - ElZ(dkE[d]) +
k=1 k=1
1 K K 3 }
= E[YY (dk — E[d] (dq - E[d])
k=1 q#k

Next, recognize that the expectation on the rightmost term of
the second line of equation (15) is the variance of d, as stated
in assumption ¢z, which yields,

(16)
xS (BId L, -Eldi Bl d-Eld, JEldHEldP) =4,

where the double summation vanishes due to the independence
of dj, and dg, as per assumption %is.

Substituting these results into equation (13), and returning to
the original notation we finally obtain

hnm~Q <_(’Y+,0n,m)\/m> -Q (’Y—Pn,m) ) \/m> ’

2:65,
7)

is the sample variance of dn m, computed from

n,m

where 62

the available samples, and Q(x) is the Gaussian Q-function.

Plots of the weight function H p are shown in figure 2. No-
tice that H p can only be calculated if the offset p,, ,, is known,
as indicated by the conditionality sign there inserted. While
offsets cannot be estimated form the measurements Jmm alone,
these parameters can be estimated collectively, after a group of
nodes have been localized. This problem is, however, beyond
the scope of this work and will be dealt with in a future article.
For now, we simply utilize the estimate p,, ., = 0V (n,m)
into equation (17), although the effect of non-zero offsets are
included in our simulations (see section V).
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Figure 2: Weight function against: (a) The confidence on the
distance measurements; (b) The sample size; (c) The offset.

B.  Derivation of the Weight Function Hc

In this subsection, the function H¢ is derived. Let us start by
recalling the role of H¢ in the proposed localization algorithm
as a whole. Just as H p relates exclusively to the accuracy of the
pairwise distances estimates, being independent of the structure
of the graph describing the network, Hc should relate to the
impact that the presence/absence of each edge ¢, has on the
overall structure of the graph, regardless of how good or bad
the corresponding distance is estimated. In other words, the
(n, m)-th entry of H¢ should be a metric of the relevance that
the edge ¢, has to the problem of resolving the graph.

The first challenge we face is to find an adequate way to
assign a numerical value to such a metric, relying solely on
connectivity information, i.e., using nothing but C.

It has been recently shown that the structural property of a
graph is strongly correlated with the eigenspectra of its repre-
sentation matrices which are computed directly from the adja-
cent matrix [11]. In light of those results, we conjecture that the
relevance of a particular edge €, can be estimated by measuring
the amount of perturbation that the deletion of the connection
(n,m) has on the spectrum of the graph. The relative perturba-
tion of the spectra graph [11] can be measured as

5éHAG—A@M
[Acll2

where || - |2 denotes the norm-2 and A and A, are the vec-
tors of eigenvalues of the representation matrices of the non-
perturbed and perturbed graph G, respectively.

Several different graph representation matrices were consid-
ered in [11], with similar results. Any of such matrices can be
used for the purpose of computing H. In this work we use,
for simplicity, the signless Laplacian matrix

L£0O+C, 19)

where © is a diagonal matrix whose entries are given by the
degree of the node p,,, ¢.c. the number of connections that node
has with other nodes in the network.

From the above, we finally arrive at

(18)

Ho(C) = [he, ), (20a)
)
A r
h’cn,m - maX(A) 9 (20b)
where A = {61, ,dg|}.

V. SIMULATION RESULTS AND COMPARISONS

In this section the performance of the modified Wolkovicz’s
algorithm is studied through computer simulations. To this
end, we considered the same scenario as described in section
III,with a connectivity range of Ryax = 9.7m, which re-
sults in a completeness of about 70%. Distance estimates were
randomly generated following a Gamma-distribution in accor-
dance with experimental results observed using time-of-arrival
(ToA) based ultra-wideband (UWB) radios [9]. In order to em-
ulate the fact that the UWB channel changes for each pair of
nodes, however,~ we allow the standard deviation of each dis-
tance estimate d, ,, to vary randomly from 0.1 to 3m, inde-
pendently of the nominal value d,, ,,.
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Different topology realizations are tested, each solved by us-
ing either a binary weight function (H), the weight function
(Hp) only, the weight function (H¢) only or, finally, a the
complete weight function H = Hp - He.

The performance of the localization algorithm with differ-
ent weight functions is compared in terms of their localiza-
tion error relative to and normalized by the corresponding error
achieved when binary weights are used. Mathematically, this
figure is given by the ratio

b = (¢ = ¢y /¢,

where the subscript b and w indicate binary and non-binary
(weighted) H matrices, respectively.

The results of the comparison are given in figure 3, which
shows the probability density function (pdf) of the relative gain
1) achieved with different parameters .

It can be noticed that the relative gain distribution is centered
slightly to the left of the origin. It is also found, however, that
the distributions exhibit long tails. This indicates that, although
binary weights lead to better results than non-binary weights,
the significant performance improvement can be achieved if an
appropriate criterion can be found to estimate whether the uti-
lization of non-binary weights is beneficial or not. This might
be achieved in certain applications, where the presence of a
sufficiently large number of anchors can be used to extract sta-
tistical sample of the entire network.

However, in more realistic scenarios where the measure-
ments have complete different statistics (due to device hetero-
geneity, environment, etc.) and a data diversity exists, the bene-
fits of the usage of weights can be easily proved by simulations.
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Figure 3: Distribution of the relative v at o = 70%

In general, however, the behavior of the relative error dis-
tribution shown in figure 3 suggests that the effectiveness of
utilizing non-binary weights is conditioned on yet other fac-
tors not captured by the functions H p and H ¢, for instance the
network diversity.

VI. CONCLUSIONS

In this paper, source localization from imperfect and incom-
plete range information is considered. We focus on a tech-
nique employing a combination of MDS and EDM-AP/CP us-
ing semi-definite programming. The EDM-AP/CP technique
admits a weight matrix in the cost-function to be optimized,
which is meant to control the amount of variation that each en-
try undergoes during the optimization. Our contribution is the
study of an adequate formula for such a weight function, taken
into account the conditions of the considered sensor network
application.

Two components of the weight matrix are identified and
quantified, namely, a weigh function based on confidence-
bound statistics of the distance estimates, and another based
on spectral properties of graph representation matrices.

Computer simulations show that significant improvement
in the localization accuracy can be achieved by utilizing the
weight function derived, provided that an adequate criterion for
the selection of the weights can be found.
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