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Jitter-Robust Orthogonal Hermite Pulses for Ultra
Wideband Impulse Radio Communications

Giuseppe Thadeu Freitas de Abreu†, Craig John Mitchell‡ and Ryuji Kohno‡

Abstract— The design of a class of jitter-robust, Hermite
polynomial-based, orthogonal pulses for Ultra-Wideband Impulse
Radio (UWB-IR) communications systems is presented. A unified
and exact closed-form expression of the auto and cross-correlation
functions of Hermite pulses is provided. Under the assumption
that jitter values are sufficiently smaller than pulse widths, this
formula is used to decompose jitter-shifted pulses over an or-
thonormal basis of the Hermite space. For any given jitter Proba-
bility Density Function (PDF), the decomposition yields an equiv-
alent distribution of N -by-N matrices which simplifies the convo-
lutional jitter channel model onto a multiplicative matrix model.
The design of jitter-robust orthogonal pulses is then transformed
into a generalized eigen-decomposition problem whose solution
is obtained with a Jacobi-like simultaneous diagonalization algo-
rithm applied over a subset of samples of the channel matrix dis-
tribution. Examples of the waveforms obtained with the proposed
design and their improved auto- and cross-correlation functions
are given. Simulation results are presented, which demonstrate the
superior performance of a Pulse-Shape Modulated (PSM) UWB-
IR system using the proposed pulses, over the same system using
conventional orthogonal Hermite pulses, in jitter channels with
additive white Gaussian noise (AWGN).

Index Terms— Ultra-Wideband Communications, Impulse Ra-
dio, Hermite Pulses, Orthogonal Design, Jitter Robustness, Pulse-
Shape Modulation.

I. INTRODUCTION

Hermite polynomial-based orthogonal pulses – also known
as Hermite pulses or simply Hermites – were proposed in [1] for
Pulse-Shape Modulated (PSM) Ultra-Wideband Impulse-Radio
(UWB-IR) communications, as an alternative to the Pulse-
Position Modulated (PPM) scheme first presented in [2]. Later,
it was also shown that PSM and PPM can be combined into
a Pulse Shape and Pulse Position Modulation (PSPM) scheme
[3].

A number of alternative orthogonal pulse-shape designs for
UWB-IR communications based on different elementary func-
tions have also been considered [4–6]. These works have,
however, contributed to demonstrate the advantages of Hermite
pulses which are smooth functions (differentiable in R), well
concentrated in both time and frequency domains and easily de-
rived through successive derivation and scaling of the Gaussian
pulse [1].
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Unfortunately, some properties of higher order Hermites de-
teriorate compared to those of lower order ones. For instance,
higher order Hermites exhibit auto-correlation functions with
narrower main-lobes and cross-correlation functions with more
side-lobes than their lower-order counterparts. In addition, the
spectra of higher order Hermite pulses are less smooth and are
slightly shifted towards higher frequencies compared to those
of lower-order Hermites.

The orthogonality and smoothness of Hermite pulses, how-
ever, can be exploited to design new Hermite polynomial-based
waveforms that mitigate these problems. One example is the
design given in [7], where conventional (or elementary) Her-
mites are combined yielding finite sets of pulses with no DC
components and similar spectra. Another is the technique pre-
sented in [8], where the fact that a finite set of N different nor-
malized orthogonal Hermite pulses form an orthonormal basis
of an N -dimensional Hermite space [9] is used to design Her-
mite waveforms which mitigate the distortion caused by differ-
entiating antennas.

Mutual orthogonality among several pulses, however, de-
pends on the perfect synchronization of all co-existing wave-
forms even in a single-user scenario. This ideal condition is
not found in practical UWB-IR channels due to small, random
mismatches (jitter) between the moment a transmitted pulse
reaches the receiver and the instant the bank of correlators
is triggered to perform detection. End-to-end link root mean
square (rms) jitter of a few tens of picoseconds have been re-
ported as typical in UWB-IR channels [10] and shown to sig-
nificantly reduce the performance of UWB systems using the
conventional monocycle waveform. Since the monocycle is in
fact the Hermite pulse of lowest (0-th) order, the degradation
due to jitter is expected to be severer in systems using more
(higher order) Hermites. In this paper, the powerful Hermite-
space approach used in [8] is again invoked in order to design
jitter-robust waveforms for UWB-IR systems.

Orthogonal pulse shapes have a broader range of potential
applications in UWB-IR systems than modulation schemes. For
instance, it is known that pseudo-random hopping sequences
can be designed to effectively eliminate spectral lines in the
Power Spectral Density (PSD) of a UWB-IR signal [11–13].
Orthogonal “shape-time” designs have therefore the potential to
achieve the same results with sequences of much shorter lengths
since these can be seen as portions of a long time-hopping se-
quences running in parallel.

Orthogonal pulses can also be used in synchronous systems
to separate different users or channels sharing the same spec-
trum. A prospective vision employing this idea is that of elec-
tronic appliances with distributed architectures [14]. The per-
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formance of all these applications would be similarly suscepti-
ble to degradation due to jitter.

Having made this remark, the technique introduced in this
paper is presented in the context of its application to PSM
schemes in a single-user scenario, only so that the results can be
compared against those of [1]. The remainder of the paper is ar-
ranged as follows. In section II, the PSM scheme for UWB-IR
communications is briefly described and analyzed. A few ideas
underlining the criterion for jitter-robust design are also given
in this section. The new multiplicative jitter channel model is
introduced in section III laying the ground for the introduction
of the design technique itself in section IV. The correlation
properties of the waveforms obtained with the proposed design
are analyzed in section V. In section VI simulation results of a
PSM UWB-IR system are given which illustrate the effective-
ness of the proposed pulses in combating jitter. Conclusions are
drawn in section VII.

II. PSM UWB-IR SYSTEMS IN NOISY JITTER CHANNELS

Let n ∈ {0, · · · , N − 1} be the integer equivalent to a bi-
nary codeword of length log2(N), where N ∈ N

+ is a power
of 2. An N -ary PSM UWB-IR system [1] maps each binary
codeword onto an orthogonal waveform λn(t). In a UWB-IR
system, the duration Tp of each transmit waveform (pulse) is
typically much smaller then the interval between consecutive
transmissions Ts, so that the bandwidth of the transmitted sig-
nal is very large [15]. In order to achieve high data-rates, Ts is
made very small, which implies that Tp must be even smaller. A
typical value of Tp is 1 nanosecond, which (in theory) enables
data-rates from several hundreds of Mbps to a few Gbps.

Assuming a non-distortive, single-user channel and perfect
synchronization, the received signal corresponding to the n-th
codeword is given by

rn(t) = αnλn(t) + w(t). (1)

where αn is the path loss and the noise waveform w(t) is a
stationary random process with a Gaussian Probability Density
Function (PDF), zero mean and variance σ2

w, which may also
model interference [15].

If all orthogonal pulses λn(t) occupy approximately the
same band, it is fair to assume that the path losses αn are the
same for all pulses. This is the case of Hermite pulses and con-
sequently αn are hereafter normalized to unity.

When the n-th pulse λn(t) is transmitted, the m-th correlator
output is simply

Tp/2∫
−Tp/2

rn(t)λm(t)dt = δn,m + wm. (2)

where wm is the projection of the real additive white Gaussian
noisy (AWGN) waveform w(t) onto λm(t) and δn,m is the Kro-
necker delta given by

δn,m =
{

0 if n �= m
1 if n = m

(3)
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Fig. 1. Structure of a simple pulse-shape modulation scheme for ultra-
wideband impulse radio systems. Symbols are mapped onto set of orthonormal
waveforms λn(t). The receiver correlates the received signal with templates
to all possible transmit waveforms. The variable τ indicates jitter disturbances.
Detection is performed in a symbol-by-symbol maximum likelihood manner.

Without loss of generality, all λn(t) are assumed to have
unitary energy and to be centered at t = 0. If the correla-
tors are noiseless and employ λn(t) as templates, the randoms
{w0, · · · , wN − 1} are independent and identically distributed
(i.i.d), with zero mean and variance σ2

w/N [16]. The PDF of
noise at the output of each correlator is then given by

p

(
wn; 0,

σ2
w

N

)
=

1
σw

√
N

2π
e
−Nw2

n
2σ2

w . (4)

In the presence of jitter, however, the templates λn(t) are
shifted by an amount τ relative to rn(t), so that the m-th corre-
lator outputs

γm =

Tp/2∫
−Tp/2

rn(t)λm(t − τ)dt = Rλn,m
(τ) + wm, (5)

where Rλn,m
(τ) is the cross-correlation function between the

n-th and the m-th waveforms.
In the simplest, non-coherent case (when the receiver has no

knowledge as to whether receive pulses are inverted or not), de-
tection is carried out by selecting the correlator with the largest
output magnitude. This process is mathematically described by

n̂ =
{

k
∣∣∣ |γk| > |γm(τ)| ∀ m

}
. (6)

The binary codeword corresponding to n̂ is the symbol-by-
symbol maximum likelihood estimate of the transmitted code-
word. A schematic diagram of this PSM UWB-IR system is
shown in figure 1.

In order to elaborate further, let us assume that jitter is a real
white Gaussian process with zero mean, variance σ2

τ and PDF
given by

p
(
τ ; 0, σ2

τ

)
=

1√
2πστ

e
− τ2

2σ2
τ . (7)

The pairwise probability Pn→m that an erroneous decision in
favor of the m-th symbol is made when the n-th order pulse is
received, is equal to the probability that the output of the m-th
correlator is larger than the output of the n-th correlator. Given
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the noise and jitter processes characterized above, this can be
expressed as

Pn→m =

∞∫
0

p(|γm| > Γ) · p(|γn| < Γ) dΓ (8)

where

p(|γn| < Γ) =

Γ∫
−Γ

p
(
τ ;Rλn,n

(τ), σ2
τ

)
dτ , (9a)

p(|γm| > Γ) = 1 −
Γ∫

−Γ

p
(
τ ;Rλm,n

(τ), σ2
τ

)
dτ. (9b)

Taking the outputs of all correlators into account, the prob-
ability that the n-th waveform is mistaken for any other wave-
form is simply

PE(n) =
N−1∑
m=0
m �=n

Pn→m. (10)

Finally, if Pn denotes the probability that the source outputs
the n-th codeword, the symbol error probability PES

is given
by

PES
=

N−1∑
n=0

PnPE(n). (11)

In most practical cases, all symbols in the transmit alphabet
are equally likely, so that the averaged bit error probability PEB

is related to the symbol error probability by [16],

PEB
=

N

2(N − 1)
PES

. (12)

The PSM UWB-IR system here described falls within the
classic theory of correlation-based systems [16]. In principle,
closed-form expressions of the probabilities given above can
be derived with knowledge of the cross-correlation functions
Rλn,m

(τ), which depend on the shapes of λn(t). In practical
cases, however, the complexity of the functions Rλn,m

(τ) can
make the derivation of closed-forms of Pn→m extremely diffi-
cult.

Equations (9a) and (9b) clearly indicate, however, that the
presence of jitter causes the correlators to sample the func-
tions Rλn,m

(τ) not exactly at the origin, but at random points
in its vicinity, altering the detection metrics γm and degrading
the performance of the system. This suggests that robustness
against jitter can be forged by designing waveforms that ex-
hibit auto-correlations which remain as close to one as possible
within a vicinity of the origin and cross-correlations which re-
main as close to zero as possible in that interval.

In the next section the influence of jitter over the correlation
properties of conventional Hermite pulses and its impact on the
performance of PSM UWB-IR schemes using Hermites is ana-
lyzed in further detail.

III. HERMITE PULSES IN THE JITTER CHANNEL

A. Hermite Decomposition

Let the Hermite polynomial of order n be defined in the in-
terval (−∞,∞) by the Rodrigues formula [9]

Hn(t) � (−1)net2 dn

dtn
e−t2 n ∈ N. (13)

Orthogonal Hermite pulses [7] can then be defined as

ψn(t) � Nne
−t2

2 Hn(t), (14)

where Nn is a factor that normalizes the energy of ψn(t) to
unity.

Although an alternative definition of orthogonal Hermites
was utilized in [1], we have shown in [17] that both definitions
are equivalent in terms of their correlation properties.

The normalization coefficients Nn are directly obtained from
the orthogonality property of Hermite polynomials [9]

∞∫
−∞

e−t2Hn(t)Hm(t)dt = δn,m2nn!
√

π (15)

This gives

Nn =
1√

2nn!
√

π
, (16)

and consequently
∞∫

−∞
ψn(t)ψm(t)dt = δn,m. (17)

Hermite pulses as defined in (14) are normalized, orthogonal,
smooth functions of t and as such form an orthonormal basis
Ψ = {ψ0(t), ψ1(t), · · · } of a Hermite space [9]. If jitter values
are sufficiently smaller than the pulse widths, ψn(t− τ) can be
represented as linear combinations of the elements of Ψ, with
coefficients given by

ψn(t − τ) =
∞∑

m=0

cm,n(τ)ψm(t). (18)

Multiplying equation (18) by ψm(t), integrating over the
interval (−∞,∞) and making use of the pulse orthogonality
property given in (17) we have

cm,n(τ) =

∞∫
−∞

ψm(t)ψn(t − τ)dt = Rψm,n
(τ). (19)

In other words, the coefficients cm,n(τ) are the cross-
correlation functions Rψm,n

(τ) between the n-th and the m-th
order pulses at the point τ . Through laborious combinations of
standard results on the integration of Hermite polynomials [9],
we have found the following unified closed-form expression for
the auto- and cross-correlation functions Rψm,n

(τ):

Rψm,n
(τ) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(−1)2m+nτn+m
√

n!m!√
2n+m

e−
τ2

4 ×

×
min(n,m)∑

k=0

(−1)kτ−2k
√

4k

(n − k)!(m − k)!k!
if τ �= 0

δm,n if τ = 0

.

(20)
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Fig. 2. Reconstruction of a 0-th order Hermite pulse shifted (e.g. due to jitter)
by 200 picoseconds. Hermite spaces of larger dimensions yields more accurate
recomposed waveforms than smaller ones.

-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6
-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8
Reconstructed Hermite Pulses

Time t (in 100 ps)

A
m
pl
itu
de

Original Pulse
Reconstructed N = 4
Reconstructed N = 6
Reconstructed N = 8
Reconstructed N = 12

Fig. 3. Reconstruction of a 2nd order Hermite pulse shifted (e.g. due to jitter)
by 200 picoseconds. Higher order Hermite pulses require Hermite spaces of
larger dimensions in order to yields accurate recomposed waveforms.

In practice, there is a limit to the size of the Hermite space
used, given by the number of waveform generators or correla-
tors available. This results in a truncation of (18) and a trade-
off between decomposition accuracy and complexity. Figures
2 and 3 respectively show 0-th and 2nd order Hermite pulses,
shifted by τ = 200 picoseconds, reconstructed with the Her-
mite series given in equation (18) truncated at different values
of N (Hermite spaces of different sizes). Generally, the larger
the order of ψn(t − τ) and the amount τ by which it is shifted,
the larger the size N of the Hermite space required for an accu-
rate representation.

In the UWB-IR literature, the received waveforms corre-
sponding to transmit UWB pulses are often assumed to be their
second derivatives [2, 10–12, 17]. Although in theory this dif-

ferentiating distortion can be compensated with integrating cir-
cuits, in practice, this approach is unreliable as it may amplify
noise and interference. We have shown that indeed derivatives
of orthogonal Hermites pulses are not orthogonal receive wave-
forms [17].

In this paper, however, differentiating distortion effects are
not taken into consideration for the following reasons. Firstly,
we have previously derived a Hermite space method to design
Hermite pulses whose second derivatives are orthogonal wave-
forms [8]. That technique can be straightforwardly combined
with the one presented in this paper.

Secondly, recent research indicates that the UWB-IR chan-
nel can act as an integrator [18], such that the combined effects
of two differentiating antennas (transmit and receive) and the
channel is a single, not double, differentiation. Again in this
case, the method presented in [8] can be easily modified and
combined with the jitter-robust design for adequate compensa-
tion.

Finally, research on UWB antennas [19, 20] have shown that
antennas can also exhibit resistive or inductive behaviors, re-
spectively resulting in outputs proportional to the input or to its
integral.

In other words, it cannot be said that the differential-
distortion model always applies to UWB-IR antennas and, in
the particular cases when it does, adequate adjustments pro-
vided in [8] can be straightforwardly incorporated.

B. Jitter Channel Model

In narrowband communications theory the jitter channel is
often described by a unitary impulse response convolutional
model [16]. In this model a shifted waveform λ(t − τ) is rep-
resented by

λ(t − τ) = λ(t) ∗ δ(t − τ) =

∞∫
−∞

λ(x)δ(x − τ)dx (21)

where ∗ denotes the convolution and δ(t) is the unitary impulse
at t = 0.

Given the extremely short duration of UWB pulses, it is dif-
ficult to adequately apply signal processing techniques devel-
oped under such a model to UWB-IR systems. The Hermite de-
composition discussed in section III-A can, however, be used to
construct a new, multiplicative jitter channel model for UWB-
IR communications, offering interesting possibilities from the
signal-processing point of view. Before we proceed, however,
a few more words about the properties of the jitter process in
correlation-based UWB-IR systems must be said.

Jitter processes are typically uncorrelated in the time domain
[10] and may be independent at different correlators if it is con-
sidered that their circuits are independently built and require
the generation of template waveforms of different complexities
and shapes. We refer to such a model as the independent jitter
model.

For design purposes, however, it proves convenient to as-
sume that the same jitter process affects all correlators simul-
taneously, as if all circuits were sharply synchronized but trig-
gered by a common jittery clock. This is hereafter referred to as
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Fig. 4. Typical relationship between critical jitter values τnL and τL in
a independent jitter channel. The magnitude of the gradient of the auto-
correlation functions Rψn,n are typically larger than that of the envelope cross-
correlation functions Rψn in the vicinity of τ = 0. Consequently, in average,
|τnL | > |τm|, which makes the independent jitter channel less severe than the
coherent jitter channel.

the coherent jitter model. The term coherent refers to the cor-
relation of jitter processes in the pulse-shape domain and must
not be confused with time-coherence!

In addition to enabling significant simplification in the jitter-
robust design, the use of the coherent jitter model results in
over-dimensioning the jitter-robust waveforms and therefore
does not compromise performance (section VI). This is because
coherent jitter is a worst-case scenario of the independent jitter
channel, which can be shown as follows.

Let Rψn
(τ) be the envelope of the cross-correlation func-

tions Rψm,n
(τ)

Rψn
(τ) � max

{
Rψ0,n

(τ), · · · , RψN−1,n
(τ)
}

. (22)

Typically,
∣∣Rψn,n

(τ)
∣∣ decreases with |τ | in the vicinity of

τ = 0, while |Rψn
(τ)| increases in the same interval. There is,

therefore, a critical value τL such that (see figure 4)

τL �
{

min{|τ |}
∣∣∣∣∣

(1) Rψn,n
(τ) = Rψn

(τ)
(2)

∣∣Rψn,n
(τ)
∣∣ < ∣∣∣Rψn

(τ
′
)
∣∣∣ ∀ τ

′
> τ

}
.

(23)
In the absence of noise, the error probability PE(n)∣∣

Coherent
is simply the probability of having a jitter value τ such that
|τ | > |τL|. This gives

PE(n)∣∣
Coherent

= 2

∞∫
τL

p(τ ; 0, σ2
τ )dτ. (24)

In contrast, with an independent jitter channel, given an
N -tuple of instantaneous jitter values −→τ = {τ0, · · · , τN−1}
affecting the receiver, PE(n)∣∣

Non-coherent
is determined by a

dominant pair of correlators (m,n) such that Rψm,n
(τm) =

Rψn
(τm) and the n-th correlator is matched to the received

pulse.
Since the jitter PDF and Rψm,n

(τ) are all symmetric func-
tions, we hereafter simplify the notation by assuming τ to be
positive, without loss of generality.

Let (τm, τn) be the jitter values observed at the dominant
correlators and define the variable

τnL
�
{

τ
∣∣∣Rψn,n

(τ) = Rψn
(τm)

}
. (25)

Stating that an error will occur if
∣∣Rψm,n

(τm)
∣∣ >∣∣Rψn,n

(τn)
∣∣ is then equivalent to stating that τn > τnL

(see
figure 4). The probability of error PE(n)∣∣

Non-coherent
then be-

comes

PE(n)∣∣
Non-coherent

= 2

∞∫
τnL

p(τn; 0, σ2
τ )dτn. (26)

The difficulty in using equation (26) lies in the need to find
an expression for τnL

, which depends on both Rψn,n
(τ) and

Rψn
(τ). Handling the closed-form expression given in (20),

however, we learn that for any given n, Rψn,n
(τ) exhibits a

steeper slope in the vicinity of τ = 0 than Rψn
(τ). In other

words, for a sufficiently small random τm, we have |τL−τm| >
|τL − τnL

| (see figure 4), which can be written as |τL − τm| =
k|τL − τnL

| with k > 1. Thus

τnL
=

k + 1
k

τL − τm

k
. (27)

Equation (27) signifies that if τm is a zero-mean process with

variance σ2
τ , τnL

is a process with mean
k + 1

k
τL and variance

σ2
τ

k2
. Consequently, τnL

is in most cases larger than τm, which

from equations (24) and (26) implies

PE(n)∣∣
Non-coherent

< PE(n)∣∣
Coherent

. (28)

This shows that the coherent jitter model results in an over-
estimation of the impact of jitter and completes our argument.

Henceforth, the coherent jitter model is assumed unless
stated otherwise.

The real N -by-N matrices A(τ) which model the coherent
jitter channel are given by

A(τ) =

⎡
⎢⎢⎢⎣

c0,0(τ) c0,1(τ) · · · c0,N−1(τ)
c1,0(τ) c1,1(τ) · · · c1,N−1(τ)

...
...

. . .
...

cN−1,0(τ) cN−1,1(τ) · · · cN−1,N−1(τ)

⎤
⎥⎥⎥⎦ .

(29)
Let

−→
ψn denote the vector of coefficients cm,n of the N -

truncated series representation of the n-th order transmit pulse
ψn(t). From equations (17) and (18) we have

−→
ψn � [c0,n, · · · , cN−1,n]T = [δ0,n, · · · , δN−1,n]T . (30)

Then, the vector representation of the corresponding noise-
less receive waveform, in the presence of a jitter amount τ , is
simply

−→
ψn
∣∣
τ

= A(τ)
−→
ψn =

N−1∑
m=0

cm,n(τ)
−→
ψm. (31)

Note that despite the truncation at N -th term made in (31),
the effect of jitter at the receiver is precisely described by the
model since the entries of

−→
ψn
∣∣
τ

are the outputs of its bank of

correlators, based on which detection is performed.
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A number of alternative Hermite-based waveforms can be
composed by combining several pulses ψn(t) with adequate
coefficients. Let us denote the vector representation of a wave-
form resulting from one such combination by

−→
φ . From the

linearity of (31) it is clear that the vector representation of the
corresponding receive waveform is given by

−→
φ ∣∣

τ
= A(τ)

−→
φ . (32)

In the next section, we show how such combined waveforms
can be designed so as to yield jitter-robust Hermite pulses.

IV. DESIGN OF JITTER-ROBUST ORTHOGONAL HERMITE

PULSES

A. Design Method

Equation (32) indicates that if a few vectors
−→
φ n can be prop-

erly designed such that

−→
φ n
∣∣
τ
≈ ρn(τ)

−→
φ n, (33a)

−→
φ n · −→φ m = δn,m, (33b)

the corresponding waveforms will be orthonormal pulses which
retain orthogonality in the presence of jitter.

Equations (33a) and (33b) state a classic generalized eigen-
problem over the infinite set of matrices A(τ). In other words,
the problem of designing jitter-robust Hermite waveforms is
translated onto a simultaneous diagonalization problem. An ap-
proximate, numeric solution to this problem can be obtained as
follows.

Define a finite set AK = {A(τ0), · · · ,A(τK−1)} of matri-
ces A(τk), each corresponding to a different jitter value. The
probability p(|τk−1| � |τ | < |τk|) that an instantaneous jitter
shift τ has magnitude between |τk−1| and |τk| (|τk−1| � |τk|)
is given by

p(|τk−1| � |τ | < |τk|) = 2

τk∫
τk−1

1√
2πστ

e
− τ2

2σ2
τ dτ . (34)

It is natural to fit the robustness of the waveforms to the prob-
abilities of jitter occurrence. This can be accomplished by se-
lecting the K jitter values τk such that

p(|τ0| � |τ | < |τ1|) = · · · = p(|τK−1| � |τ | < ∞). (35)

Since each A(τk) models a channel with delay τk, we refer to
AK as the set of channel samples. At this point it becomes clear
why, as suggested in section III-B, the use of a coherent jitter
channel model significantly simplifies the design. Indeed, if an
independent jitter model were assumed, the jitter PDF would
be N -dimensional and a mesh of a significantly larger number
of points would be necessary in order sample the channel at
equiprobable N -tuples −→τ k and construct the set of matrices
A(−→τ k) to be jointly diagonalized.

The set AK can then be jointly diagonalized with the nu-
merically robust, iterative algorithm proposed in [21]. This
joint-diagonalization algorithm performs simultaneous similar-
ity transformations over the whole set AK by the successive

application of Givens rotations. At each iteration, the angle of
the Givens rotation is chosen so as to minimize a cost function
which measures the distance of the set to the identity matrix
(Jacobi angle). Details on the algorithm, as well as a thorough
investigation on its properties, convergency and robustness to
error perturbations are given in [21]. Fortunately, in [22], a
closed-form expression of the optimal Jacobi angles used at
each step in the joint-diagonalization algorithm [21] was pro-
vided, significantly reducing the computation complexity of the
method.

The solution provided by [22] is the product of all similarity
transformations, giving an orthonormal N -by-N matrix X such
that

X ∈ R
n×n

∣∣∣∣ (1) XTX = X−1X = I
(2) XTA(τk)X ≈ Dk ∀ τk=0,1,...,K−1

. (36)

Comparing equations (33a) and (33b) to the solution (36), it
is clear that the n-th column −→χn of X is the vector representa-
tion of a combination of Hermite pulses yielding a jitter-robust
pulse. Mathematically, −→χn are approximate eigenvectors to all
matrices in AK , such that

A(τk)−→χ n ≈ ρn(τk)−→χ n, (37a)
−→χ n · −→χ m = δn,m, (37b)

where ρn(τk) is the eigenvalue associated with the generalized
eigenvector −→χ n of the jitter matrix A(τk).

Equations (37a) and (37b) are respectively equivalent to
equations (33a) and (33b). The n-th order jitter-robust wave-
form φn(t) is simply the combination of elementary Hermite
pulses using the entries of −→χn as coefficients

φn(t) =
N−1∑
m=0

xm,nψm(t). (38)

Note that the effect of jitter shifts over φn(t) is merely to
alter the output of the matched correlator, having little effect
on its orthogonality towards the other waveforms φm(t). In
addition, since −→χ n and ψm(t) are orthonormal, all φn(t) have
unitary energy, which means that the jitter-robust design inflicts
no penalty in terms of power loss. Indeed,

∞∫
−∞

φn(t)2dt =

∞∫
−∞

(
N−1∑
m=0

xm,nψm(t)

)2

dt

=
N−1∑
m=0

(xm,n)2 = 1. (39)

Finally, in the absence of jitter (τ = 0), the matrix A(τ)
reduces to the identity matrix I, ρn = 1 and φn(t) = ψn(t) for
all n, which shows consistency in the design method.

B. Waveform Examples

In figure 5 a few waveforms obtained with the proposed
method are compared against conventional Hermite pulses [1].
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Fig. 5. Comparison of a few jitter-robust waveforms φn(t) obtained with
the proposed design against conventional Hermite pulses ψn(t). Waveforms of
orders 0, 1 and 2 are compared. All jitter-robust pulses were obtained with a
Hermite space of dimension N = 8 and optimized to an rms jitter of στ = 100
picoseconds.

The jitter-robust waveforms φn(t) shown in figure 5 were
designed using a Hermite space of dimension N = 8 and opti-
mized to stand a rms jitter of στ = 100 ps. Note that the shapes
of φn(t) vary with these parameters.

It is seen from figure 5 that the widths of the lower order
jitter-robust waveforms are only slightly larger than those of
the corresponding conventional Hermites. In fact, all robust
waveforms have widths closer to the highest order Hermites of
the Hermite space used in the design.

V. CORRELATION PROPERTIES OF PROPOSED WAVEFORMS

Equation (39) gives only the auto-correlation of the jitter-
robust waveforms at τ = 0. The general unified closed-form
expression of the auto- and cross-correlation functions of these
pulses can nevertheless be easily derived. By definition, and
using (38) we have

Rφm,n
(τ) �

∞∫
−∞

φm(t)φn(t − τ)dt = (40)

=

∞∫
−∞

(
N−1∑
i=0

xi,mψi(t)

)
×
⎛
⎝N−1∑

j=0

xj,nψj(t − τ)

⎞
⎠dt.

Applying the Hermite decomposition (equation (18)) over
ψj(t − τ), this simplifies to

Rφm,n
(τ) =

N−1∑
i=0

⎛
⎝xi,m

N−1∑
j=0

xj,nci,j(τ)

⎞
⎠. (41)

Equation (41) can be put in the following matrix form

Rφm,n
(τ) = −→χm

TA(τ)−→χn. (42)

This is a closed-form expression since A(τ) are completely
and uniquely determined by the variable τ and its entries are
given by equation (20).

Note that equation (42) can also be used to clearly demon-
strate the robustness of the waveforms designed with the pro-
posed design. Indeed, substituting equation (37a) into equation
(42) we have

Rφm,n
(τ) ≈ ρn(τ)−→χm · −→χn = ρn(τ)δn,m (43)

which signifies that, in the presence of a jitter shift τ , the cor-
relator matched to the transmit (n-th order) waveform outputs
ρn(τ), while all other correlators output zero.

Although a coherent jitter channel model was assumed in the
design, equation (43) holds for the independent model with lit-
tle modification (τ must be replaced by the N -tuple of indepen-
dent jitter values −→τ ). This is because the joint-diagonalization
solution X also approximately diagonalizes the matrices of the
form A(−→τ ), which is understood directly from the auto- and
cross-correlations functions Rφn,n

and Rφm,n
. Indeed, if Rφn,n

and Rφm,n
exhibit better properties than Rψn,n

and Rψm,n
, ran-

dom jitter shifts will affect a system using the pulses φn(t) less
than one using φm(t).

Some of the auto-correlation functions of the conventional
Hermites and the proposed jitter-robust pulses shown in figure 5
are compared in figure 6. It is observed that the auto-correlation
functions of the proposed pulses exhibit significantly wider
lobes in the vicinity of τ = 0 than those observed with con-
ventional Hermites.

Analogously, the cross-correlation functions of a few of the
waveforms shown in figure 5 are compared in figures 7 and 8.
It is observed that the cross-correlation values of the proposed
waveforms are lower than those of the conventional Hermite
pulses in the vicinity of τ = 0.

-5 -4 -3 -2 -1 0 1 2 3 4 5
-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

Autocorrelations (N = 8;    σ
τ
 = 100ps)

Delay τ (in 100 ps)

C
ro
ss
-c
or
re
la
tio
n 
V
al
ue
 (
ab
so
lu
te
)

φ
0
(t) ∗φ

0
(t)

φ
1
(t) ∗φ

1
(t)

φ
2
(t) ∗φ

2
(t)

ψ
0
(t) ∗ψ

0
(t)

ψ
1
(t) ∗ψ

1
(t)

ψ
2
(t) ∗ψ

2
(t)

Fig. 6. Comparison of the auto-correlation functions of a few jitter-robust
waveforms φn(t) obtained with the proposed design against those of conven-
tional Hermite pulses ψn(t). Auto-correlations of the pulses of orders 0, 1 and
2 are compared. All jitter-robust pulses were obtained with a Hermite space of
dimension N = 8 and optimized to an rms jitter of στ = 100 picoseconds.
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Fig. 7. Comparison of the cross-correlation functions of a few jitter-robust
waveforms φn(t) obtained with the proposed design against those of conven-
tional Hermite pulses ψn(t). Cross-correlations of the 0-th order pulse with the
1st and 2nd order pulses are compared. All jitter-robust pulses were obtained
with a Hermite space of dimension N = 8 and optimized to an rms jitter of
στ = 100 picoseconds.
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Fig. 8. Comparison of the cross-correlation functions of a few jitter-robust
waveforms φn(t) obtained with the proposed design against those of conven-
tional Hermite pulses ψn(t). Cross-correlations of the 1st order pulse with the
2nd and 3rd order pulses are compared. All jitter-robust pulses were obtained
with a Hermite space of dimension N = 8 and optimized to an rms jitter of
στ = 100 picoseconds.

The efficacy of the jitter-design, however, depends on the ra-
tio between the standard deviation of the jitter process στ and
the pulse width Tp, as well as on the size N of the Hermite
space used. For instance, a comparison of the cross-correlation
functions of jitter-robust pulses obtained with Hermite spaces
of sizes N = 8 and N = 16 is shown in figure 9. It is seen that
the design method yields better results when Hermite spaces of
larger dimensions are used.

It must be noted, however, that although the jitter robustness
of each waveform individually increases with the dimension of
the Hermite space used in the design, the overall robustness
of a system may reduce with its size, i.e., the total number of
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Fig. 9. Comparison amongst the cross-correlation functions of a few jitter-
robust waveforms φn(t) obtained with the proposed design. Cross-correlations
of the 1st order pulses with the 2nd and 3rd order pulses obtained with a Hermite
space of dimension N = 8 are compared to those obtained with a Hermite
space of dimension N = 16. All pulses were optimized to an rms jitter of
στ = 100 picoseconds.

jitter-robust orthogonal pulses used in the system. This is sim-
ply because in a larger system a larger number of interfering
components are added. Additional jitter robustness can, nev-
ertheless, always be obtained by using in the design Hermite
spaces of even larger dimensions, at the expense of an increased
complexity.

Assume that a Hermite space of size N is used to design
jitter-robust waveforms, but only a subset of the first M � N
of these waveforms is effectively used in the system. Although
any subset of size M � N could in principal be used, choos-
ing the first M waveforms is optimal since the accuracy of the
Hermite decomposition for lower order pulses is better, as illus-
trated in figures 2 and 3.

A good way to quantify the overall robustness of a given set
of designed jitter-robust waveforms is to measure the distance
of the M -th order principal minors of the nearly diagonal ma-
trices D(τ) = XTA(τ)X to the M -byM identity matrix. This
can be done with the following metric [21], which is hereafter
referred to as the jitter vulnerability coefficient

ζM,N (τ) � ||I − DM,N (τ)||F . (44)

In the above, DM,N (τ) denotes the M -order principal minor
of the N -byN matrix D(τ) and ||B||F denotes the Frobenius
norm of B, given by

||B||F =
√

trace (BHB) . (45)

At τ = 0 we have A = I and consequently D(τ) = I.
Assuming that the PDF of τ is Gaussian, which decreases
monotonically with the magnitude of τ , and given the cri-
terion for choosing τk defined by equation (35), it is clear
that |τk| − |τk−1| < |τk+1| − |τk|. In other words, the set
of channel samples AK is (intentionally) biased towards the
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picoseconds.

more frequent lower values of τ . Consequently, we find that
||I − D(τk)||F < ||I − D(τk + 1)||F for all k. This,
again, indicates that the proposed pulses are strictly orthogonal
at τ = 0 and exhibit lower cross- and higher auto-correlations
than conventional Hermites in that vicinity. This behavior is
clearly observed in figures 6 through 8.

Figure 10 shows a few plots of the jitter vulnerability coeffi-
cient ζM,N (τ) against the magnitude of τ , for different combi-
nations of M and N . The lower the value of ζM,N (τ), the more
robust the system is against jitter.

From the combined results of figures 6 through 10 it is ex-
pected that a correlation-based UWB-IR system (including, but
not limited to, PSM schemes) using the proposed waveforms
exhibits a lower probability of error than one using conventional
Hermites in the presence of jitter.

In the next section, simulation results are given which
demonstrate the advantage of the proposed jitter-robust wave-
forms compared to the conventional Hermite pulses in a PSM
UWB-IR system as described in [23].

VI. SIMULATIONS

Although UWB systems usually require several pulses per
symbol transmission [2, 3, 15], our objective here is to demon-
strate the performance gain achieved with jitter-robust pulse
sets over systems using conventional Hermites. Consequently,
in the following, only one-pulse-per-symbol PSM UWB-IR
systems in a single-user scenario are analyzed.

The sinal-to-noise ratio (SNRin/out) against which error rates
are plotted is defined as the ratio between the power impinging
onto the receive antenna (unitary) and the total noise at the out-
put of the bank of correlators. This figure is used so that the loss
incurred by splitting the incoming signal amongst N correlators
is taken into account and is in accordance with the description
of UWB-IR systems given in [15].

The Bit Error Rate (BER) performances of PSM UWB-
IR systems using the proposed pulses are compared to those
achieved using conventional Hermites in figures 11 through 13.
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Fig. 11. Comparison of bit error rate performances of binary pulse-shape
modulated ultra-wideband impulse radio systems using jitter-robust waveforms
obtained with the proposed design and using conventional Hermite pulses in co-
herent jitter channel with Additive White Gaussain Noise. All the jitter-robust
waveforms used were designed with a Hermite space of size N = 8 and op-
timized to the respective rms jitter of the channel. All binary-PSM UWB-IR
systems use pulses of orders 0 and 1.
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Fig. 12. Comparison of bit error rate performances of binary pulse-shape
modulated ultra-wideband impulse radio systems using jitter-robust waveforms
obtained with the proposed design and using conventional Hermite pulses in
independent jitter channel with Additive White Gaussain Noise. All the jitter-
robust waveforms used were designed with a Hermite space of size N = 8 and
optimized to the respective rms jitter of the channel. All binary-PSM UWB-IR
systems use pulses of orders 0 and 1.

First, in figure 11, curves for a binary-PSM scheme using
0-th order and 1-st order pulses in noisy coherent jitter chan-
nels with rms values of στ = 10, 30 and 50 picoseconds are
shown. The jitter-robust waveforms were designed using a Her-
mite space of dimension N = 8.
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The significant performance enhancement achieved with the
jitter-robust waveforms is evident. While the conventional PSM
UWB-IR system [1] reaches a BER floor of about 2 × 10−3

erros/bit in a channel with rms jitter of 30 picoseconds, in the
same channel, the system using jitter-robust pulses do not show
any error floor within the signal-to-noise ratio span observed.
Further, in a channel with a rms jitter of 50 picoseconds, the
PSM system with jitter-robust pulses exhibits a BER floor of
10−3 errors/bit, while the one using conventional Hermites is
basically non-operational.

It is important to emphasize that the above results were ob-
tained at the ratio of 1 symbol/pulse, with pulses of 1 nanosec-
ond of duration and without any error-correcting coding or
transmit redundancy.

As discussed in section III-B, it is expected that the perfor-
mance of jitter-robust pulses in an independent jitter channel is
even better than that observed in a coherent jitter channel. This
is demonstrated by the results shown in figure 12. Comparing
figures 11 and 12 it is clear that the PSM scheme performs bet-
ter in an independent jitter channel than in a coherent one. It
is also learned from the comparison that while the PSM UWB-
IR system using conventional Hermites [1] is non-operational
in a channel with 50 picoseconds of rms jitter (regardless of
the independence of the jitter processes across correlators), the
system using the proposed jitter-robust waveforms only looses
about 2 dB at a BER of 10−4 errors/bit.

Finally, in figure 13, the performances of jitter-robust and
conventional M-ary PSM UWB-IR systems in an independent
jitter channel with 30 ps of rms, are compared. Again, all jitter-
robust waveforms were designed with a Hermite space of size
N = 8 and optimized to stand the rms jitter of the channel. As
expected, it is seen that the gain achieved reduces if the size of
the Hermite space used in the design is not sufficiently larger
than the order of the modulation scheme employed.

It can also be seen that, in general, the performance of lower
order modulation schemes in low SNRs is worse than that of

higher order ones. This comes at no surprise given the SNRin/out

figure used since, for a given SNRin/out value, the total noise at
the output of the correlators is distributed over a lower number
of filters.

VII. CONCLUSIONS

The design of jitter-robust waveforms for UWB-IR commu-
nications was presented. The decomposition of jittered pulses
onto finite Hermite spaces was used to establish a new mul-
tiplicative matrix-form jitter channel model, whose entries are
given by the correlations between received pulses and their tem-
plates. The accuracy of the multiplicative model is directly pro-
portional to the dimension of the Hermite space used and in-
versely proportion to the magnitude of jitter shifts.

A unified closed-form expression of the auto- and cross-
correlation functions of Hermite pulses was provided, enabling
the problem of jitter-robust waveforms to be transformed onto
a generalized eigen-problem. The solution is given by a sim-
plified version [22] of the numerically stable and robust Jacobi-
like algorithm provided in [21], designed for simultaneous ma-
trix diagonalization.

Examples of waveforms obtained with the design were com-
pared to conventional Hermites. The unified closed-form
expression of the auto- and cross-correlation functions of
the jitter-robust waveforms was also provided and compared
against those of conventional Hermite pulses.

As an application example, PSM UWB-IR systems were
considered. A brief analysis of these schemes in noisy jitter
channels was also provided for the cases of fully independent
and fully correlated (coherent) jitter processes observed across
different correlators, which indicated the requirements for ob-
taining jitter-robust waveforms. Simulation results demon-
strated the performance enhancement achieved using the pro-
posed jitter-robust waveforms in noisy jitter channels with and
without coherence in the pulse-shape domain.

In this work we have focused on the problem of jitter and,
for this reason, adhered to a channel model free of multi-path.
This decision was made deliberately, in order to isolate jitter
as a major cause of degradation, allowing in-depth theoretical
understanding of its effect on the properties of Hermite wave-
forms.

Despite simple, this assumption is (in addition to theoreti-
cally valuable) still representative of at least a few scenarios of
practical interest. In the short run, for instance, one promis-
ing market for UWB devices is low data-rate communications
with localization and tracking (LDR-TR) [24]. Restrictions on
transmit power (due either to regulations or target costs) limits
the range of the UWB devices to a few tens of meters. Partic-
ularly in outdoor scenarios, where the likelihood of rich scat-
tering in little, these low-power, range-limited devices experi-
ence a channel which approaches line-of-sight (LOS) or two-
path models.

In the long run, on the other hand, it is fair to project that
impulse-based UWB communications will achieve extremely
high data-rates (enough high to break beyond the competing
multi-band OFDM based alternative [25] and through the lim-
itations imposed by regulatory bodies), by using “signals with
gigahertz bandwidths means that multipath is resolvable down
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to path differential delays and on the other of a nanosecond or
less, i.e., down to path length differentials on the order of a foot
or less, [which] significantly reduces fading effects even in in-
door environments,” - as put by Win and Scholtz in their classic
paper [15].

Finally, we emphasize that ideas introduced here, and in our
previous work [8], can in fact be used to design RAKE receivers
with finger-wise adaptive templates that significantly improve
performance under multipath conditions while avoiding mas-
sive equalization.
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