Improved MDS-Based Multi-Target Tracking
Algorithm

Davide Macagnano and Giuseppe Thadeu Freitas de Abreu
Centre for Wireless Communications - University of Oulu
P.O.Box 4500, 90014-Finland
[macagnan, giuseppe] lee.oulu.fi

Abstract— We consider the problem of tracking multiple
targets in the presence of imperfect and incomplete ranging
information using an MDS-based tracking algorithm. An advan-
tage of this technique is that tracking accuracy is independent
on target dynamics. The main feature of the aforementioned
algorithm, which we proposed in an earlier work, is that tracking
is performed over the eigenspace of a Nystrom-Gram kernel
matrix constructed with no a-priori knowledge of the statistics of
target trajectories. Consequently, tracking becomes a problem of
updating the eigenspace given new input data, which is achieved
with an iterative Jacobian eigen-decomposition technique. In this
paper it is first shown how to improve the aforementioned eigen-
decomposition to fully exploit the structure of the reconstructed
Gram kernel matrix, then how to use the similarity existing be-
tween subsequent Gram matrices to efficiently track the relative
sub-spaces. The performance and computational complexity of
two techniques, namely, the Multidimensional Scaling (MDS)-
based tracking algorithm and SMACOF are investigated. As a
result, the MDS-based tracking algorithm with Jacobian eigen-
space updating is shown to achieve the same performance as the
SMACOF algorithm, but at a significantly lower complexity.

I. INTRODUCTION

Multidimensional scaling (MDS) is a technique used to map
a set of objects into points of an Euclidean space of typically
low dimension with basis on their mutual dissimilarities, as
measured by a certain metric, often the Euclidean distance,
such that the dissimilarities computed from the mapped points
match the observed dissimilarities [1].

There are two major approaches to solve the metric MDS
problem: the classic approach, which is based on an algebraic
procedure and involves the eigen-decomposition of a kernel
matrix, positive semidefinite transformation of the dissim-
ilarity matrix, e.g. the Euclidean Distance Matrix (EDM)
[2]; and the least-squares (LS) approach, which involves the
optimization of a stress (generally least-squares) function [3].

From the above, it is clear that metric MDS can be used
as a distance-based multi-source localization algorithm, as
demonstrated e.g. in [4], although this approach has the
drawbacks of requiring that all, in the classic case, pairwise
distances between sources be collected and processed at a
central unit. This may be a problem in at least a portion of
the multi-source localization scenarios of interest, in particular
those characterized by networks with meshy topologies of
relatively large dimensions, where node-to-node distances can
only be measured within the vicinity of each source, resulting
in an incomplete EDM.

In some of the multi-source localization applications of
interest, however, metric MDS can be a suitable distance-based
localization technique. A prominent example is localization of
cellular or indoor wireless devices with basis on their distances
to a number of inter-wired based stations of known locations.

In such cases the typical network topology is a superposition
of star topologies (node-to-anchors) and the classic MDS
solution is feasible because traffic is not an issue, since each
device has a direct communication link to all base stations, and
because the lack of direct connectivity amongst the devices to
be localized translates to a well-structured incompleteness of
the EDM which can be coped with by the Nystrém approxi-
mation [5]. We have shown that for such star-like topologies,
the classic MDS-based localization technique can also be
modified into a tracking algorithm if the eigen-decomposition
step of the algebraic solution is performed iteratively, such
that the eigen-pairs corresponding to the current observation
can be computed via updating the eigen-pairs of the previous
one [6]. It was shown that the classic MDS-based tracking
algorithm in fact has very low computational complexity [6]-
[7], and its performance is completely independent on the
target dynamics, that in the context of multi-target tracking
can be variable and unknown [6]. In this paper, we reconsider
the problem of tracking multiple dynamic targets subjected to
imperfect ranging information, improving the previous result
by introducing an approximation of the eigendecomposition
used in the algorithm.

The reminder of this article is as follow. In section II the
formulation of the MDS-based tracking technique and the
Jacobian-eigendecomposition are briefly reviewed. In section
IIT two variations of Jacobian eigendecomposition used to
solve the MDS problem are discussed and compared in com-
plexity against the Symmetric QR eigendecomposition, and
in performance (precision) versus the standard Singular Value
Decomposition (SVD).

In section IV it is explained how to track the subspaces
associated to two subsequent Gram matrices and how this
affects the sweeping strategy to be used in the Jacobian
algorithm. Concluding section V compares the complexity
and performance for the proposed solution against a widely
know optimization-based solution to the MDS problem, the
SMACOF algorithm (Scaling by Majorizing a COmplicated
Function). Subsection V-A investigates the scalability of both
MDS-based techniques, showing the superior efficiency of the



algebraic solution. Subsection V-B compares the performance
of the aforementioned techniques. The results indicate that the
eigenspace MDS-based tracking algorithm, while being sub-
stantially less complex than the optimization-based, achieves
the same performance.

II. MDS-BASED TRACKING ALGORITHM

As mentioned in section I, MDS is a multivariate method
that provides a spatial representation of the data under in-
vestigation. Given the matrix containing all the similarities-
dissimilarities J;; between N points, MDS maps their con-
figuration in an embedding space such that the difference
between ¢;; and the relative distances d;; is minimal. Let X
denote the [NV x p] matrix containing the set of coordinates for
N objects in a p dimensional embedding space, and choose
{6:5} = {d;;}. The set of all the euclidean pairwise distance
between two generic objects ¢ and j in the scenario, is

diy = (x; =)' - (i = %) (1)

Then the MDS problem can be solved algebraically [2] as
the least square solution on the inner product matrix B =
X - XT. The classical scaling solution, provided the EDM D
([D], ;= d;;), constructs the following Gram matrix

1
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where J = Iy — 1y I?V/N is the double centering matrix, 1y
the V-by-1 unitary vector, Iy the N-by-N identity matrix and
o indicating the point-wise (Hadamart) product.

As proved in [1] and also used in section IV, G is equivalent
to B (for X centered at the origin). Therefore at any time,
the MDS technique allows to recover the location Y of all
sensors in the network (up to rotation, scaling, translation and
reflection) from the complete EDM by

Y = [V, - (Al ©
G=V-A-VT “4)

In [5] it was shown how to address the same problem from
an incomplete, nevertheless well structured, set of {J;;} by
means of the Nystrom approximation of the Gram Kernel
associated to X. This same technique can be adapted to solve
localization problems in dynamic scenarios over incomplete
EDM D considering only anchor-to-anchor D,> and anchor-
to-target distances Day per sampling, as

T
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Provided that the coordinates X, of at least A > pu
anchor nodes are known with respect to an absolute system of
coordinates, the solution Y can be re-oriented via Procrustes
transformation [8], returning X.
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A. Jacobian Eigendecomposition

As indicated by equation (3), tracking with the MDS
algorithm requires the repetitive computation of the eigen-
decomposition of G at the different time instances. This can
be done efficiently by utilizing the Jacobian algorithm [9],
summarized by

Aji1 — Rig, ji, 0k)" - Ak - Rlig, i, Ok), (6)

where R(ig, ji,0x) are orthogonal similarity transformations
corresponding to the Givens rotation matrices [9].

A Jacobian-like eigen-decomposition algorithm capable of
finding a single matrix R that jointly (approximately) diago-
nalizes a set of matrices A = {A, ..., A/} also exists [10]. In
this Jacobian-like joint-diagonalization technique, one iterates
the expression

Ajir = Rlig, i, Or)" - Ag - R(ik, ji, Or) (7N
where R(ig, jr,0) is the solution of
M
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Convergence and stability of this algorithm are rigorously
proved in [10]. Fortunately, closed-form expression for the
optimum angles solving the minimization problem defined by
equation (8) was later discovered in [11], as

L. 1 Qi+ aj;
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(10)

Consequently the approximate eigenvector matrix of A
obtained after K iterations is given by,

Kg
V=1I II RG.jw.0n).

k=1 (ix,jx)

(1)

The solution thereby is extremely simple and is applicable
to any set of equi-dimentional matrices A, regardless of
symmetry and commutativity properties.

As noted in [6], the Jacobian algorithm with closed-form
optimum rotation angles can be used as an eigenspectrum
tracking algorithm as follows. Consider the two Gram matrices
G; and Go corresponding to consecutive observations D,
and f)z, and assume that the eigenvector matrix V; of Gy
is known. Then, V;, can be easily computed by initializing
the Jacobian algorithm with V. This leads to the following
solution for the eigen-decomposition of Go,

Kg
Vo=Vi- [T T R ir:00)- (12)
k=1 (ix,jx)
In addition, in [6] it was discussed how the number of

iterations Kg required to update V5 into Vs is related to the
average value for the target dynamic v.



III. IMPROVEMENT I: EFFICIENT STOP CRITERION FOR
JACOBIAN EIGENDECOMPOSITION

Denoting with \; the ith eigenvalue of a generic matrix A,
then its Frobenius norm is

N N N
IAIE£ > D af =) A
i=1 j#i i=1
Provided that A is a Hermitian matrix (¢.e A=A™), and
B = HAH~*, with H a unitary transformation, then assuming
the dimension of the eigen-space equal to y, since ||A|2Z =
trace(A*A) = > %  A? and using the fact that unitary
transformation do not change the eigenvalues, it follows that
JAJ2 = |BIIZ
Consequently, being plane rotations unitary transformation,
neither the trace nor the Frobenius norm of the matrix to be
eigendecomposed are changed by the Jacobian algorithm.
Since ||A||? can be decomposed into the terms a (A) =
> a?, and its complement 23 (A) = off (A), with the latter
equivalent to equation (9), then every time a plane rotation
R(ix, ji,0) is applied to A the two terms are modified into:

13)

o (RTAR) = a (A) + 242

R

5(RTAR) = 5(A) — a2

(14)
15)

Independently on the order, 8 is known to be monotonic
decreasing (consequently « is monotonic increasing) and
converging to zero, making A to tend to a fixed diagonal
matrix similar to the initial [12]. Applying the optimal off-
diagonal search strategy, namely always the biggest plane
rotation possible, then the algorithm is proved to converge
quadratically with the number of sweeps K, i.e the number
of full sets of plain rotations applied to the upper triangular
part of A [12]. In subsection II-A it was shown how the
Jacobian algorithm performs the eigendecomposition through
the optimization of equation (8) until a threshold value e
(sufficiently close to zero) is reached, namely

28(A) < e. (16)

This type of eigendecomposition has the advantage that
both eigenvalues and eigenvectors are obtained simultaneously,
the latter as an orthogonal set, it is extremely accurate and
converges with a number of sweeps that is proportional to
log, (N) [9].

However, in the form presented thereby, it would be too
computationally demanding for our needs. Indeed, if compared
against the symmetric QR solution, the complexity necessary
to compute two sweeps in the Jacobin algorithm would be
sufficient to perform a full eigendecomposition using the QR
one [9]. As discusses hereafter and in section IV, within
the MDS framework it is possible to make use of several
modifications to substantially decrease the complexity without
affecting the performance of the tracking algorithm.

To begin with, remembering that the Frobenius norm is
preserved under the plane rotations applied by the Jacobian al-
gorithm, the stopping criterion can be rewritten using, instead

of the squared off-diagonal terms of A defined by equation
(16), the following condition on the squared diagonal terms

a(A) > AfE-(1-¢). (17)

This modification, although simple, already gives several
advantages. Figure 1 shows the accuracy of the algorithm to
estimate both eigenvalues and eigenvectors (dependent on ¢),
while Figure 2 shows the gain in complexity of this stopping
criterion. Moreover an additional small gain is provided by
the repetitive computation of « (A) rather than §(A). In-
deed while the former requires (2NN) operations, the latter
approximately (N 2+ N ) Concerning the precision of the
eigendecomposition, Figures 1-3 show that within the context
of this paper, small errors on the eigenvalues/eigenvectors
don’t affect the overall performance of the tracking algorithm.

Although better, as Figure 2 shows, the criterion proposed
by equation (17) alone, still does not beat the Symmetric
QR eigendecomposition. Nevertheless, using the fact that to
complete G from D, the Nystrom approximation becomes
necessary [5], then it is possible to improve further the
stopping criterion.

Being the Nystrom method based on the the approximation
of the full eigenspectrum of G trough its first rows (in our case
equivalent to the number of anchor nodes), then it is possible
to change the condition imposed by equation (17) further by
simply assuming Zf\; u+1 i = 0. This corresponds to the case
of perfect observation, under which G is positive semidefinite
with rank (G) = p, meaning \; =0 for {i =p+1...N}.

However, with fallible data, the spurious roots don’t equal
to zero but vary positively and negatively around it [1]. Within
the MDS context, some authors already assumed the sum of
these spurious eigenvalues equal to zero, like in [13] to solve
the MDS additive constant problem and in [14] to define
the dimensionality of the problem through the trace criterion.
Here the same idea is used in connection with the spectral
approximation/troncation operated on G by Nystrom, yielding
to the stopping criteria for the Jacobian algorithm defined by

m
’y(A) :Za” Ztrace(A)(l—e) (18)
i=1

As before, Figure 1 shows the precision in computing both
the eigenvalues and eigenvectors by means of equation (18). It
can be appreciated how, stopping the Jacobian algorithm one
iteration before than what defined by the equation, namely
(v — 1), the error on the eigenvalues/eigenvectors increases
drastically, which validates equation (18) as a good candidate
to capture the structure of G approximated by Nystrom. This
is further confirmed in Figure 2, where it is shown that the
same localization accuracy of the stopping criterions defined
by equations (16)-(17) is obtained at expense of a much lower
complexity, even less than the one required by the Symmetric
QR algorithm. In addition, the computation of this metric only
requires /4 sums.

As previously discussed, since G is hermitian positive semi-
definite (under perfect ranging), from the spectral theorem



follows that its eigendecomposition, defined by equation (4),
is also equivalent to the singular value decomposition (SVD).
Therefore to evaluate the precision of the different stopping
criterion defined by equations (16)-(17)-(18) to compute the
first ;1 eigenvectors/eigenvalues, namely V., and A;.,, the
results are compared against the corresponding singular vec-
tors E1.,, and values £2;.,, obtained by SVD of the same Gram
matrix G. The subspace difference between V., and Ey.,, is
computed accordingly to [9] as

()b (El:;uvl:u) - ||PE - PVHQa (19)

with Pg = E;1.,E],,, representing the orthogonal projection
matrix for the space associated to E;.,, and similarly Py [9].

To evaluate the precision to compute the first u eigenvalues
the following normalized error is used

P — A
77:2(|w o |> (20)

=1

IV. IMPROVEMENT II: EFFICIENT SWEEPING STRATEGY
FOR SUBSPACE TRACKING

Hereafter we intend to show the relations between two
subsequent Gram matrices G and Go, and how equation (12)
allows to track their subspace.

Given X as the set of coordinates for the N points at the
time 1, at the next time Xy = X; + AX, and consequently
the inner product matrix B, = X, - Xg can be written as

B, = (X, + AX) - (X; + AX)". (1)

Rewriting the equation above for two generic points {i, 5},
with {i,j = N}, it becomes by ;; = Xa; - X3 ;, With
Xg,; = (x171+6) and x3; = (x1,;+9;) and J, as the
coordinate difference between two successive times for the
considered point. Since classical MDS recovers X through the
eigendecomposition of G, it is useful to see how By and G
relates to (X; + AX) through D5. Substituting in equation
(1) the expression for x5 ; and X ;, under the condition that
the centroid of the configuration at both times 1 and 2 are at
the origin (to avoid the indeterminacy of the solution due to
translation), namely Zf\il X1,i,, = 0 and Zfil i, = 0, then

1 N 1 N
S By = e S e+ 8 [+ Geay +85) [ @2
=1 =1
L, = L S ey 4 6) 1241 (a4 80 3 23)
N & 2,45 — N & 1,5 3] 112 1,2 i) 1125
=1 J=1
L S, =2 ) |2 24
~z = xi +0;) ||3- (24)
N2 i=1j=1 29N i=1 2

Rewriting bs ;; from equation (1) as

1
baij = (dgzj-—ll(xln +6:) 13— Il (x1,5+ ;) [13) ,
(25)
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Fig. 1. Error n and ¢ as a function of the perturbation on D with e = 10~8

and using equation (22)-(24), then by ;; can be written as a
function of d3 ij as

bQ’ij: 2 5 Zd2 ij Zd2 iJ N22d2 gl

3,7=1
(26)
Since equation (26) corresponds to the double-centered
kernel defined by equation (2) and computed for D, [1], the
equivalence between G, and Bs is proved. Consequently Go
can be rewritten using equation (21) as

G, =X -XT+AX - AXT+ X - AXT+ AX - XT. (27)

Assuming the eigenvector matrix Vi, solution for Gq, as
known, then V5, can be easily computed by initializing the
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different stopping criterions, 2D scenario with 4 anchors placed at
the corners of a [1 x 1] [m] space, o = 0.01.

Jacobian algorithm with V. Applying V; to equation (27)
(namely VT - Gy - V) yields

T =V] By -V, (28)

T, = VI (AX - AXT) -V, (29)

Ty = Az -AXT.V,, (30)

T,=VT . AX . A7 31)

Clearly Ty = A, while the other terms can be seen

as perturbations on Gy. Since rank (G1) = u, then A is
diagonal with only the first u entrances different from zero.
Consequently only the corresponding rows-columns of T's and
T, will be different from 0 (note that T3 = TI). In addition,
since Zfil A = Zf\; d? [1], it follows that element in the

first u rows of T3, specifically columns of Ty, on average is

multiplied by
LN 1/2
= — Z d?i .
=

Therefore, unless trace (AX - AXT) is at least of the same
order of trace(G), then the dominant terms in equation
(27) will be give by Tj3-T4. Consequently, for relatively
small changes AX, namely low average velocities 7, the
cyclic row-by-row sweeping strategy to compute the Jacobian
eigendecomposition can be considered close to the optimal
off-diagonal search strategy [12], with the clear advantage of
a simpler implementation and a faster execution.

(32)

V. RESULTS

Benefits and eventual weakness deriving from the usage
of this MDS-based tracking algorithm were investigated and
compared against a widely known parametric approach, e.g
Extended Kalman Filter (EKF), in [6]. Following, the perfor-
mance of the MDS-based tracking algorithm was improved
by including a wavelet-based filtering block on the time
series measured at the anchors [7]. In the same article it was
shown that this additional block, while being computationally
efficient, due to its ability to study the local regularity of
functions, it allows the detection of the singularities affecting
the TOA ranging received at the anchors in correspondence
of Line of Sight (LoS) and non-Line of Sight (NLoS), and
consequently their mitigation.

In [15] the algebraic MDS-based subspace tracking algo-
rithm was compared, in its standard version (equation (16)),
against SMACOF, an optimization based solution to the MDS
problem [1] [3]. It was shown how the two solutions combined
with the wavelet-based pre-filtering suggested in [15], reach
approximately the same performance, with SMACOF being
less complex. In addition some results from the implemen-
tation of the algorithm into real devices were shown and
discussed under both LoS and mixed LoS-NLoS real scenarios.

In Figure 1 the gain in complexity achievable by the
Jacobian algorithm for the different stop criterions defined
by equation (16)-(18) have been compared with and without
application of the subspace tracking defined by equation (12).
Next the overall complexity for SMACOF is compared against
the MDS-based Tracking Algorithm solution with the new
stopping criterion. Following the performance for the two
techniques are compared as a function of the target dynamics
v under different noise conditions, modeled as N (0, 02).

A. Complexity

The computational complexity required by the two algo-
rithms here considered as a function of the number of mobile
targets is shown in Figure 4. In the case of SMACOF, due to its
fast convergence properties, only 20 iterations are considered.
For the algebraic MDS-based tracking algorithm, the stopping
criterion defined by equation (18) is considered.

Although the complexity for the proposed technique is
slightly dependent on the target dynamics, it always remains
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substantially lower that the one necessary to SMACOF. In
addition, as shown in Figure 1, the proposed solution perform
the eigendecomposition at a significantly lower complexity
than the Symmetric QR decomposition, that, as discussed in
section III is equivalent to Kg = 2 for the Jacobian algorithm.

B. Performance

The algorithms are compared through simulation. As sce-
nario, 4 anchors placed at the corners of a a 2D square of
edge 10[m] and measuring the Time of Arrival (TOA) versus
10 mobile targets subject to error distributed accordingly to
N (0,02). As done in [7], a wavelet-based pre-filter is used
to low-pass filter the TOA data. This allows, up to a certain
velocity, to distinguish/remove the fast time-scale process

introduced from the noise and affecting the anchor-to-target
TOA measurements, with clear benefit in terms of accuracy
on the estimated positions. The same pre-filtering block is ap-
plied here. The targets follow independent random trajectories
generated accordingly to a first order autoregressive model
(AR).

Figure 5 shows that both algorithms achieve the same
performance.

VI. CONCLUSION

In this work, we have shown that a Jacobian-based
eigenspace tracking algorithm can be used to efficiently solve
the multi-source tracking problem in a non-parametric fashion.
Specifically, the proposed algorithm, exploiting the structure
inhered in the EDM is able to track the sub-space associated
to subsequent Gram matrices yielding a substantial gain in the
complexity required to perform the necessary eigendecompo-
sition and without compromising the final localization error
performance, making the algorithm a suitable candidate to
solve the localization problem in large wireless networks.
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