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Abstract—We present a new family of tight lower and upper Complementarily, the convexity-concavity partitionéibf
bounds on the GaussianQ-function Q(x). It is first shown that,  ,(9; ) also ensures that the same integrals are upper(lower)-
for any , the integrand ¢(0;z) of the Craig representation of - 4 nded by their numerical evaluations via Cotes’ quadeatu

Q(x) can be partitioned into a pair of complementary convex and . o
concave segments. As a consequence of this property, intaty (trapezoid) rule [18]. The combination of these Jensen and

of o(60; ) over arbitrary intervals within its convex region can  Cotes bounds yield a complete family of both lower and upper
be lower-bounded by Jensen's inequality and upper-bounded bounds onQ(x), which can be made arbitrarily tight by finer
by Cotes’ quadrature rule, with the opposite occurring for the segmentation.

concave regiony(6;z). The combination of these complemen- The proposed Jensen-Cotes (JC) bounds are expressed in

tary bounds yield a complete family of both lower and upper ¢ f irrati L tri tic. | i etand
bounds on Q(z), which are expressed in terms of elementary erms of irrational, trigonometric, inverse-trigonometan

transcendental functions and can be made arbitrarily tight by €Xponential functions only, and admit further simplificati
finer segmentation. A by-product of the method is that varios Vvia elementary algebra and well-known inequalities, which
other functions, such as the squared Gaussia@-function Q*(z), ensures easy implementation in standard computer program-

the 2D joint Gaussian@Q-function Q(z,y, p), and the generalized \ying |an n | h nd Matl nd f
Marcum Q-function Qs (x,y), can also be both upper and lower g languages and tools (such as C and Matlab) and fast

bounded with arbitrarily tightness, which to the best of our evaluatlon: . . . .

knowledge finds no precedence in the literature. Explicit eamples I addition to arbitrary tightness and computational effi-
of the latter applications are given. ciency, a very significant outcome of the proposed bounding

method is that lower bounds of equivalent quality to the uppe

. INTRODUCTION bounding counter-parts are obtained, a fact that to thedfest

The Gaussiar-function Q(«), a variation of the comple- our knowledge finds no precedent in the related literatue¢. Y
mentary error functiorrfc(x) popular in the communication another significant by-product of the method is that various
theory literature, is frequently found in the analysis oflthu functions related to th&)-function can also be upper- and
antenna communication systems over fading channels [IL], [Bwer-bounded likewise, examples of which are given.

Due to its importance, the efficient evaluation @fx) has A brief summary of the remainder of the article is as
been a subject of concern of many authors in the area [3]-[#llows. In section I, Lemmas on the convex-concave sep-

In particular, the discovery several years ago of an altarability of ¢(6;z) and on the construction of Jensen and
native representation ap(z) due to Craig [8], that enablesCotes bounds on the integrals of corresponding segments are
its evaluation via an integral with finite integration limjthas stated and proved, followed by Theorem 1 which describes the
inspired an enormous amount of activity around the mattd€-bounds or)(x). In section Ill, results obtained by direct
of further simplifying, bounding and approximatidy(z) and application of Theorem 1 are given, along with some addi-
related functions. This effort led to, amongst other ressf#lf, tional discussions and comparisons with the best expaaenti
the discovery of convenient forms for functions such as pewebounds currently known, as given in [19]. A few examples on
of Q(z) [9], the 2D joint Gaussiar-function Q(x,y;p) the application of the Theorem 1 to the derivation of bounds
[10]-[12], the first-order Marcun®)-function Q;(x,y) [13], on function related ta@)(z) are discussed in section IV, and
the generalized Marcur-function Qs (z,y) [14], and the concluding remarks are offered in section V.

Nuttall Q-function Qs v (x, y) [15]-[17].

The literature established connections between several of Il. JENSEN-COTESBOUNDS ONQ(z)
these important functions and the more fundamental Gaussia Consider the integral
Q-function, which further strengthens the importance oftmat b
ematically tractable, computationally efficient and aeter Q(x|a,b) £ 1 ./(p(g;x) do, 1)
bounds on the latter. In this article, new bounds on the Gaus- m

a

sian@-functionQ(x) are derived with basis on the convexitywhere 9

concavity partitionability property of the integrangd(6; «) 0(0;7) & exp(%) 2)
of Craig’s representation of)(z). Such a partitionability 2sin”(0)

property, which is established here, enables the appiicati Equation (1), with integration limita& = 0 andb = 7/2
Jensen’s inequality to lower(upper) bound integrals@f; ) andz > 0 is the well-known Guassia@-function [8], which
over arbitrary intervals within its convex(concave) regio  appears in many communications theory problems [1], [2].



Lemma 1 - Convex-concave partitionability oft); z): Next, consider the uniform partition of the intervgl, b]
Forallz > 0, ¢(¢;2) is convex for0 < 6 < 6, and concave into N subintervals®,, £ (a + 2zt (b — a),a + % (b — a)),
for 0, < 0 < w/2, where where the chevron brackets may denote either open or closed

B boundaries. For simplicity, we shall also wrigg, = (a,,, b,,).

1
0, = asin(— . \/(3@2 +3)— (22 —-1)2+ 8) ) Let ¢(0) = ¢(0;2), g(8) = 6 and f,(0) = ﬁ, such
2 that the aforementioned conditions are satisfied. Then,

Proof: In what follows,0 < 6§ < /2 andz > 0 unless 1 b L b, bota
otherwise specified Consider the derivatives bn,an/a‘Pw?l’) o = ¢ (bn—an Ja, 0do:; 55) =p(Pa5te ).
. ! (13)
o(0; ) = dp(0; 2) = g2 C'Oie w(0;2) >0, (4) Using inequality (13) into equation (1) and summing over
) do sin” 0 n yields the inequality (9).
B0 ) = dp(0;x) _ (5)  To prove arbitrary tightness, defink, 2 g4 22D (h—q)
t2192 and notice that, < 9, < by, and that’z* = (b, — ay,).
_ .z [2 sin 6 — (3 + 22) sin? 0 + xz} o (6; 7). Then, straight from equatij(\)[n (10) we obtain

sin® 0 ] 1

Solving ¢(0; «) = 0 for @ is equivalent to finding the roots APEOQJ(:EM’ b, N)= ;55202@(0"’ .
of the expression between brackets in equation (5). Letti "
t = sin?(6) leads to the following quadratic polynomial en

with coefficients parameterized hy

)'(bn—an) :Q('ﬂaa b)?

0 (15)
V\%ere the sum after the first equality sign is readily idesxifi
as a Riemann sum, and the last equality follows its asynptoti
exactness in the limitv — oco. [ |
2t — (34 2%)t+ 2% =0. (6)

Jensen Component of Lower Bound (Convex o(6; z))

1072

The roots of this polynomial are

ty=1(2%+3+ /(22 —1)2+38), 7 w0

ty = (a2 +3— /(@2 —1)2+8). (8)  ggt p

Clearly t; > 1 and therefore leads to solutions of equatio 1075
(5) lying outside the domain of, thus inadmissible. On the _
other handp < ¢ < 1, which yields, for eachr, the unique = -
inflection point of p(#; z) — hereafter referred to awitical =
angle — given by equation (3). Finally, since the polynomia 107
in equation (6), and consequent}y(d; x), are non-negative
for t < to, it follows thatp(0 < 6 < 0,;z) is convex, while 107
©(f. < 0 < 7/2;z) is concave, concluding the proof. = 1o i_l\l Tntogration

Lemma 2 - Arbitrarily tight Jensen bounds 6}{x|a,b): [ sensen Bound: 1y = 1
Let ¢(6; x) be convex for alb € [a, b]. Then, .

1077 . : : £ vl
Q(.T|a/,b) 2 QJ(‘r|a)b7 N); (9) x in dB
. li .
whereQ;(z|a, b, N) is referred to as tha/-term Jensen bound, (&) Inequality (9)
deflned by 100 Jensen (:unmoucut u‘t Upper Bou‘nd ((7uncz\vc‘ p(0:x))
s (b—a) al (2n—1)
Qi(x]a,b,N) = N ng(ajLT.(bfa);z). 107 |
n=1
- : - (10) "
Conversely, ifp(0; x) is concave i € [a, b, 107 .
Q(zla,b) < Qs(x[a,b,N). (11) 10°L 1

Proof: Suffice it to prove inequality (9), since the proof
for inequality (11) is equivalent. In our context, the Jense
inequality states that for any continuous inter@abf the real 10751 i
line over whichg(6) is a real-valued measurable function 3Exi0m

. . . _ -6 -58 =56 =54 =52 =5
1 (0) is a convex function over the range ¢ff), and f () is 10k 4
a non-negative function such thgt f(6) d¢ = 1, we have

107

Q(x|0,,7/2)

_7[| = Numerical Integration
10 "5 oo Jensen Bound: Ny =1 E
----- Jensen Bound: Ny =2

/@ w(g(9)>f(9)d9>w( /@ 9(0)(0) d@), (12) | olloz oo poma Ny -3 | ‘ ‘ ‘

-6 -4 -2 0 2 4 6 8
z in dB

(b) Inequality (11).
1This is with no loss of generality sind®(—z) = 1 — Q(z). Fig. 1. Jensen bounds @(z|0, 0=) and Q(x|0z, 7/2).

with equality holding if and only if (iff)¢)(0) = a0 + 5.



In order to illustrate the results of Lemma 2, examples of Proof: Again, suffice it to prove the first inequality, the
lower and upper Jensen bounds achieved over the portionsetond being similarly proved. Clearly(6;«) in [a,b] is
Q(z) corresponding to convex and concave regiong@f, =) lower-bounded by the straight lines connecting the points
— namely,Q(x|0,0,) andQ(x|0,,7/2), respectively — with 1, (ay, p(an;x)) and (by, ©(by; x)), i.e.,

2 and 3 terms are shown in figure 1. The plots indicate that

the Jensen bounds (particularly the upper bounds) are dndee p(032) > an 0+ Bn, 0 € (an, bn), (19)
very tight even when only a few terms are used. where
Lemma 3 - Arbitrarily tight Cotes bounds @p(z|a, b): an = 2 [p(bn; ) — plan; z)] (20)
Let ¢(0; z) be concave for alp € [a, b]. Then, o ’ '
Q(zla,b) > Qc(la, b, N), (16) B = poman o - plani @) = an - plbuia)]. (21)
where Substituting inequality (19) into equation (1) leads to in-

. . N-1 equality (16), and since the this procedure is essentially t
Qc(x]a,b,N)2 =2 p(bir) +p(a;x) +§ "p(at+2(b—a);z)| composite trapezoidal rule for numerical integration, ethis
7 TN 2 N ’ . .
n>0 an extension of the 2-point closed Newton-Cotes quadrature

(17)  formula [18], arbitrary tightness witth — oo is ensured. m
and the notation is intentionally modified so as to emphasizeFigure 2 is a counter-part of figure 1, illustrating Cotes

that the summation over is performEd iff N > 1. lower and upper bounds 0@(1’|9177T/2) and Q(«T|0,9z)a
Conversely, ifp(6; ) is convex in[a, b], respectively. Again, it is found that these bounds are digte
Q(z]a,b) < Qc(z|a, b, N). (18) even forN small. Comparing figures 1 and 2, it is seen that
Cotes’ bounds are tighter where Jensen'’s are less so, agd vic
10° ‘ Cotes ("O“‘P“‘”‘“‘ Of Lower B“‘“‘"‘ “‘*"““‘“f“’*”) versa. This complementariness is behind the tight and well-

behaved Jensen-Cotes bounds@(x:), to be shown below.
] Theorem 1 - Arbitrarily tight JC-bounds of(x):
For arbitrary(Nj, N¢) € N,

Q(2)>Qac(x,N3,Nc) £ Qi((0,64,N3) + Qc(]0.,5 ,Ne), (22)

E Q(x)gQCJ(xaNCaNJ) éQC($|07gl7NC)+QJ(I|917%7NJ) (23)
] Proof: First, rewrite
Q(z) = Q(z]0,0,) + Q(J}|éw,77'/72). (24)
Next, add inequality (9) witia = 0,b = 0,.) to inequality
58 56 54 -52 -5 (16) with (a = 6,,b = w/2), to obtain a complete lower
bound onQ(x), by force of Lemmas 1 to 3 and equation
1071 ﬁ21;‘;’;:‘3‘;‘;1{53{?(;%‘(’1"i“; 1 (24). Likewi_se, a cqmplete upper bound Qxz) res_ults fro_m
----- Cotes Bound: N¢y = 2 the sum of inequality (18) witlfa = 0,6 = 6,.) and inequality
2= ('_T BO'“'d:_‘\ZwC:'g . ; - : . (A1) with (a = 6.,b = 7/2). Finally, the arbitrary tightness
2 in dB of the Jensen and Cotes bounds themselves, together with
(a) Inequality (16). equation (24), ensure the arbitrary tightness of ineqeal{22)
and (23) with(N¢, N;) — oo, which concludes the proofl

Q(alf,,7/2)

1_1~
3x10 6

Cotes Component of Upper Bound (Convex ¢(6; z))

I1l. RESULTS ONQ(x) AND DISCUSSIONS

. The bounds yielded by Theorem 1 involve only elementary
transcendental functions (exponential, irrational @arnigmetric

3 and inverse trigonometric functions). Though not as manip-
ulable as some found in the literature (most noticeably the
exponential bounds given in [19]), the proposed Jensee<Cot
bounds are still very easy to program in standard computer
languages and very fast to evaluate, since no numerical
integrations or complicated special functions are reguire
Furthermore, to the best of our knowledge, the proposed
« | Jensen-Cotes lower bounds are the only family of arbigraril

e e tight lower bounds or@)(x) so far discovered.
1075 1iivir Cotes Bonnd: Ny = 1 “» Plots of Q(x) and its lower and upper JC-bounds with=
T ks ot lgii &1 N;= Nc = {1,2,3} are shown in figure 3. The plots show
107 2 i) 0 2 2 6 *s  that the proposed bounds are tight over the entire SNR region
o indB and equally good, in fact complementary in that the lower
(b) Inequality (18). bound is tighter at large:;, while the upper bound is tighter

Fig. 2. Cotes bounds 0@(x|0, 0-) and Q(x|0z, 7/2). at smallerz.



Jensen-Cotes Lower Bounds on Q(z)

— Numerical Integration

— = = Jensen-Cotes Bounds
T T

-6 -4 -2 0 2 4 6 8
 in dB

(a) Inequality (22).

Jensen-Cotes Upper Bounds on Q(z)

— Numerical Integration

— = = Jensen-Cotes Bounds
T T

-6 -4 -2 0 2 4 6 8
 in dB

(b) Inequality (23).

Fig. 3. Jensen-Cotes lower and upper bound€)¢m), N = {1, 2, 3}.

Simplified Jensen-Cotes vs Exponential Bounds on Q(x)

10° : ; ; ; ; ;

gration
=Nc=1
Nj+Ng=2

_5[| =™ Numerical In
10 "H - - - Jensen-Cotes
—@— Exponent
8 —O0— Expolmltl al: \ =3 \
10 T I I

-6 —4 —2 0 2 4 6 8
2 in dB

Fig. 4. Comparison of the-term exponential upper bound @(z) from
[19, Eq.(10)] against simplified Jensen-Cotes lower anceupounds given
by inequalities (25) and (26)c = Nj; = 1.

The JC-bounds in their general (arbitrarily-tight) formre
in Theorem 1, are adequate for accurate evaluatio® @f),
offering over approximations such as those proposed in [3]-
[7] the advantage of certain majorization and minorizatibn
Q(x) at any point, which approximate forms cannot provide.
The bounds can also be reduced to simpler forms at negligible
sacrifice of tightness. In particular, it can be shown that

Qw2 g e (2_;@)) y (29)
)
0 < 573 g o (e )+ (20)

Am + fo(x)m — 6f1(x) —2a°
T S 2nfale) eXp(2+f1(x))’

where

A2 @2 +3) - /@@ 1Frs (@)
2) 2 V@178 - @ - 1) = VA= 7, (28)

and we have used the Shafer-Malésevit's inequalitiey [20

s
3z 71'72’r

asin(z)  ——m—m——,x
2+ V1—a2 (@) 2 +V1—2a?

A comparison of inequalities (25) and (26) against fhe
term exponential upper bound given by [19, Eq.(10)] is shown
in figure 4. The figure confirms that the simplifiedterm
Jensen-Cotes upper bound outperforms2therm exponential
upper bound (although the latter is simpler). Once again,
the simplified Jensen-Cotes lower bound (which cont&@ns
exponential terms) is comparatively as tight overall.

€ [0,1]. (29)

IV. APPLICATION TORELATED FUNCTIONS

Theorem 1 can be applied to the derivation of lower and
upper bounds on other functions that can be expressed in
terms of variations of the integral given in equation (1),jath
includes but exceedsfc-based functions. A few examples of
such applications are given below.

Corollaryl.1 - Arbitrarily tight JC-bounds oi)?(z):

Q?*(z) > {QJ($|05§I;NJ)+QC( |05, T, Nc) for 0<x<v/2

Qs(z[0, §, Na+ Nc) for z > /2
(30)

Q*(z) < {QC(x|0a9zaNC)+QJ($|917%7NJ) for 0< <v/2
= Qc(l’|0,%,Nc+N\]) forx > \/5
(31)
Proof: Consider the relation [21, Eq. (80)]

Q(2)* = Q(x|0,7/4). (32)

It is trivial to show directly from equation (3) that, >
7/4Y x > /2, such thatp(0; z) becomes convex if0, 7 /4]
whenz > /2. This, together with equation (32) and a revision
of Theorem 1 and preceding Lemmas in view of the integration
interval 6 € [0,7/4], leads straightforwardly to inequalities
(30) and (31). ]



Jensen-Cotes Bounds on Q*(x)

Corollary 1.2 - Arbitrarily tight JC-bounds om)(z, y; p): 10° ‘ ‘

The 2D Joint Gaussiad)-function Q(z,y; p) admits the
arbitrarily tight bounds 1010

Q(,y; p)=3[Quan (w2 ,0,N3,Ne)+Quan(y3 £, N3, Nc )], (33)
Q(z, y; p)<5[Quan(w;£,p, N3, Ne H+Quan(y3 £, N3, Nc )], (34)
wher€ z,y > 0 and
Quao (32,0, Ny No) 2 Qu(ul0,min, 67 ), [ W H+-iNch i ) 520

+Qc(u| min(,, 9:7/3), min(7 — 0, 9:7/3), Ne) 10751 ,
+Q;(u| min(r — éu"g:,p) 0%, LMJ), (35) .
L e . ) 10 ]
QU:ZD(u;z,p,NJ,NC)éQC(u|O,m1n(9u,92, ), ’VTC]+11NJ+ZQL%J) 107, : :
+Qs(u| min(B,, 0% ,), min(r — B, 6% ,), Ny) 107 ]
_ — Numerical Integration
—|—Qc(’u,| mln(ﬂ' — H’U,) 9:7 ) 9: P L—J ), (36) gflm =~ .](:n‘st‘n—(‘ot(:s Bt)lmds: (A\"C.‘A\“'_]) = ‘ ‘ ‘ X
10 g -6 -4 -2 0 2 4 6
where [n] and |n| denote the smallest integer no smalle 2 in dB

thann (ceil) and the largest integer no larger thar(floor),
respectlvely, and; = {1 if g*p < 9 oro OtheI’\NISQ and Fig. 5. Jensen-Cotes lower and upper bound§3dtx) given by inequalities

30) and (31),N¢ = Nj = 2.
ip = {1if 07 ,> 7 — 0, or 0 otherwisg. (30) and (31).Nc = Ny =
Proof: ConS|der the relation [10, Eq. (10)] 107 Jensen-Cotes Bounds on Q(z, y: p)
1 1
Qa.yip) = 2 Q((0,07/y:) + 5 9 Q[0,6;,,.,), (37) 102
where [19, Eq. (18)] L

/1_ 2
Gjﬂp £ atan<u> € [0, ). (38) 1074L

y=2x;p=05

1—pz

Q. y;p)
=
o
I

As previously, we discuss only the first of the abov
inequalities. From equation (5) and due to the symmetry
sine aroundr/2, it can be seen that the second derivativ e
of (0, z) with respect tod changes sign twice withif0, ], 07
namely atd, andw — 0, for all z > 0. There are therefore 107

4 45 5 55
three cases to distinguish. 1078l : : ]
. . — Numerical Integration
The fII‘St occurs Wherﬁ: P \ Hu, N Wh'Ch Case(p(9 .Z‘) — = = Jensen-Cotes Bounds: (:VC.A\"]) =2
reduces to a single convex segment over the inteffyal? ). gl o=t Tt Ao Sy 0 ‘
The second case is wh 7 0 h 0. 0 ! 2 3 4 5 6 ! 8
e, € (Ou, ™ — 04), When o x) o in dB

is convex ford € (0,6,) and concave fol € (f,,0; o)
Finally, if 9* € (m— 9 )7, ©(0, ) has two convex segments Fig. 6. Examples of Jensen-Cotes lower and upper bound®(@ny; p)
over (0, 0,,) and< 6.,0% ,), and a concave segment within btained from inequalites (33) and (34yc = Ny = 3.
(0,7 — 0,). These cond|t|0ns leddto equation (35), and
inequality (33) follows immediately from Theorem 1 anc
equation (37). [ ] 107
Corollary 1.3 - Arbitrarily Tight JC-bounds o (x, y):
For M =n+ 3, neNT, andy > z > 0, the Generalized 107}

Jensen-Cotes Bounds on Qs (z,y)

10

T T T

y=2x;M=0.5

10°°
Marcum @Q-function Qs (z,y) admits the arbitrarily tight e 15
bound4 107 :
Qur(,y) = Qacly—2,N3,Nc)+Qac(x+y,N3,Nc), (39) 2107 0 ]
Qum (2, y) <Qca(y—z,Ne,No)+Qcoz+y,Ne,Ny). (40) - 1o
2For simplicity we consider here only the first quadrant of the y plane.
The extension of Corollary 1.2 to other quadrants is sttégivard using the 107°L 678 1

recently-discovered extensions of [10, Eq. (10)] foundlif][and [12]. 5 6

3|s is possible to reduce the conditions on the right hand sfideequalities 107k 1
(35) and (36) to bounds on — as done for inequalities (30) and (31) — by — Numerical Integration
solving the related quartic equation reduced frém = 07 ,, with given _g[ L= = Jensen-Cotes Bounds: (N¢. Nj) =2
z and p. This, however, leads to expressions that are more coniuzady 10 ¢ ) ) 0 2 y 6 8 10
demanding than testing,, against9* o s suggested. x in dB

4The extension ta:,y € R is trivial and will be done in the journal version
of the article. Fig. 7. Examples of Jensen-Cotes lower and upper boundQ gz, y)

obtained from inequalities (39) and (4Qyc = Nj = 2.



Proof: It has been recently showrhat for M = n +
2.n € NT, Qu(z,y) can be re-written as [14, Eq. (11)]

(3]

Qui(z,y) = Qy—2)+Q(a+y) +AQu(x,y), >0,y >0,
(41)
wheré 5]
| M-o1s 2k k
AO,, s 42) 6]
le[(xvy) :L'\/g kzo 2k Z — q q| ( )
2q [7]
1 . 2 ) 2
i —(y—=) —(z+y)
" Z; (zy)2a—ii! '[(_1) eXp( 3 )_eXp( > )} '

(8]

Inequalities (39) and (40) follow straightforwardly from
Theorem 1 and equation (41). ]

Plots of the bounds provided in Corollaries 1.1, 1.2 and 1.8]
are shown in figures 5, 6 and 7. The figures confirm that the
bounds are very tight even with a few terms only. [10]

As a final remark, we point out that Corollaries 1.2 and
1.3 are particularly attractive, as they offer substamntdief
from the computational complexity required to evaluate tt{e
2D joint Gaussian@-function and the Generalized Marcum
Q-function, respectively.

[12]
V. CONCLUSION

A new family of arbitrarily tight lower and upper bounds*®!
on the Gaussia-functionQ(z) and a few related functions
were presented. The derivation of the bounds exploit a cenve
concavity property of the integrand(6; =) of Craig’s repre-
sentation ofQ(z), which was proved here.

In addition to arbitrary tightness and computational effi-
ciency, it is found that the proposed Jensen-Cotes boundHh
method yields lower bounds of equivalent quality to the uppe
bounding counter-parts, which to the best of the author's
knowledge is unprecedented. Another significant by-prodfic [16]
the method is that various functions related to réunction
can also be upper- and lower-bounded likewise, examples of
which were given. 17

The proposed bounds are not that tractable and therefore
cannot be recommended for further mathematical maniggl
lations. Still, the bounds can be easily implemented and
evaluated very fast with standard computers and therefore
are excellent for other applications such as those invglvin
optimization of cost-functions containin@-functions. [20]
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